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What	is	the	z-transform?

X(z) =
1X

n=�1
x[n]z�n, z 2 ROC

x[n] =
1

2⇡j

I

C
X(z)zn�1dz, C 2 ROC

<latexit sha1_base64="OEN9mqDxczA8rQmOnyeaaN1/BVg="></latexit>

The z-transform is a function X(z)
along with a region of convergence (ROC).

<latexit sha1_base64="EkzZxo9wRYMjfIMa8xhSKzwP9rM="></latexit>

The ROC is the set of points in the z-plane where

X(z) is finite, i.e. where
P1

n=�1 x[n]z�n
converges.

<latexit sha1_base64="yfwchiSc7pYIpVngiGVRtq7/pkI="></latexit>



What	is	the	z-transform?

It’s	a	func5on	defined	over	the	z-plane.

(Plots	a>ributed	to	Oktay	Alkin)
The mesh is |X(z)|.

The red line is the unit circle {z : |z| = 1} = {z : z = ej2⇡f}.

The blue line is X(z)|z=ej2⇡f = X(ej2⇡f ).

<latexit sha1_base64="XkQGF7lqqRx1m1/+YX0FTJYga3g="></latexit>



How	is	the	z-transform	related	to	the	DTFT?

Substitute z = rej2⇡f into z-transform definition.

<latexit sha1_base64="eO1BXKutXjHPw4Ofi8VZKiODeMk="></latexit>

X(z) = X(rej2⇡f )
1X

n=�1
x[n]z�n =

1X

n=�1
x[n]r�ne�j2⇡fn = DTFT{x[n]r�n}

<latexit sha1_base64="cLfkcKbwTcbdJ1tL3VAnhZdkn6w="></latexit>



How	is	the	z-transform	related	to	the	DTFT?

Substitute z = rej2⇡f into z-transform definition.

<latexit sha1_base64="eO1BXKutXjHPw4Ofi8VZKiODeMk="></latexit>

X(z) = X(rej2⇡f )
1X

n=�1
x[n]z�n =

1X

n=�1
x[n]r�ne�j2⇡fn = DTFT{x[n]r�n}

<latexit sha1_base64="cLfkcKbwTcbdJ1tL3VAnhZdkn6w="></latexit>



X(f) = X(z)|z=ej2⇡f

<latexit sha1_base64="au1+hVNRaU+g7+MGPVOou/WqWhI=">AAACBXicbVDLTsJAFJ36RHxVXepiIjGBDWkJRjckRDcuMRFoArWZDlMYmT4yMzWB2o0bf8WNC41x6z+4828coAsFT3KTk3Puzb33uBGjQhrGt7a0vLK6tp7byG9ube/s6nv7LRHGHJMmDlnILRcJwmhAmpJKRqyIE+S7jLTd4eXEb98TLmgY3MhRRGwf9QPqUYykkhz9yCp6JViDVnFcenCScY3cJneVbkShl6aOXjDKxhRwkZgZKYAMDUf/6vZCHPskkJghITqmEUk7QVxSzEia78aCRAgPUZ90FA2QT4SdTL9I4YlSetALuapAwqn6eyJBvhAj31WdPpIDMe9NxP+8Tiy9czuhQRRLEuDZIi9mUIZwEgnsUU6wZCNFEOZU3QrxAHGEpQour0Iw519eJK1K2ayWT6+rhfpFFkcOHIJjUAQmOAN1cAUaoAkweATP4BW8aU/ai/aufcxal7Rs5gD8gfb5AxqXlxY=</latexit>

How	is	the	z-transform	related	to	the	DTFT?

Substitute z = rej2⇡f into z-transform definition.

<latexit sha1_base64="eO1BXKutXjHPw4Ofi8VZKiODeMk="></latexit>

X(z) = X(rej2⇡f )
1X

n=�1
x[n]z�n =

1X

n=�1
x[n]r�ne�j2⇡fn = DTFT{x[n]r�n}

<latexit sha1_base64="cLfkcKbwTcbdJ1tL3VAnhZdkn6w="></latexit>

The	DTFT		is	the	z-transform	evaluated	on	the	unit	circle.

unit	circle



How	is	the	z-transform	related	to	the	DTFT?

X(f) = X(z)|z=ej2⇡f

<latexit sha1_base64="au1+hVNRaU+g7+MGPVOou/WqWhI=">AAACBXicbVDLTsJAFJ36RHxVXepiIjGBDWkJRjckRDcuMRFoArWZDlMYmT4yMzWB2o0bf8WNC41x6z+4828coAsFT3KTk3Puzb33uBGjQhrGt7a0vLK6tp7byG9ube/s6nv7LRHGHJMmDlnILRcJwmhAmpJKRqyIE+S7jLTd4eXEb98TLmgY3MhRRGwf9QPqUYykkhz9yCp6JViDVnFcenCScY3cJneVbkShl6aOXjDKxhRwkZgZKYAMDUf/6vZCHPskkJghITqmEUk7QVxSzEia78aCRAgPUZ90FA2QT4SdTL9I4YlSetALuapAwqn6eyJBvhAj31WdPpIDMe9NxP+8Tiy9czuhQRRLEuDZIi9mUIZwEgnsUU6wZCNFEOZU3QrxAHGEpQour0Iw519eJK1K2ayWT6+rhfpFFkcOHIJjUAQmOAN1cAUaoAkweATP4BW8aU/ai/aufcxal7Rs5gD8gfb5AxqXlxY=</latexit>

The	DTFT		is	the	z-transform	
evaluated	on	the	unit	circle.

(Plots	a>ributed	to	Oktay	Alkin)



How	is	the	z-transform	related	to	the	DTFT?

X(f) = X(z)|z=ej2⇡f

<latexit sha1_base64="au1+hVNRaU+g7+MGPVOou/WqWhI=">AAACBXicbVDLTsJAFJ36RHxVXepiIjGBDWkJRjckRDcuMRFoArWZDlMYmT4yMzWB2o0bf8WNC41x6z+4828coAsFT3KTk3Puzb33uBGjQhrGt7a0vLK6tp7byG9ube/s6nv7LRHGHJMmDlnILRcJwmhAmpJKRqyIE+S7jLTd4eXEb98TLmgY3MhRRGwf9QPqUYykkhz9yCp6JViDVnFcenCScY3cJneVbkShl6aOXjDKxhRwkZgZKYAMDUf/6vZCHPskkJghITqmEUk7QVxSzEia78aCRAgPUZ90FA2QT4SdTL9I4YlSetALuapAwqn6eyJBvhAj31WdPpIDMe9NxP+8Tiy9czuhQRRLEuDZIi9mUIZwEgnsUU6wZCNFEOZU3QrxAHGEpQour0Iw519eJK1K2ayWT6+rhfpFFkcOHIJjUAQmOAN1cAUaoAkweATP4BW8aU/ai/aufcxal7Rs5gD8gfb5AxqXlxY=</latexit>

The	DTFT		is	the	z-transform	
evaluated	on	the	unit	circle.

(Plots	a>ributed	to	Oktay	Alkin)



Example

x[n] = anu[n], |a| < 1

<latexit sha1_base64="ivvYP9ccsf1181z+QtKycfhdRvE=">AAACBnicbZDLSgMxFIYzXmu9jboUIbQIglJmRNGFQtGNywr2Au1YzqRpG5rJjElGLG1XbnwAX8KNC0Xc+gzu+jaml4W2/hD4+M85nJzfjzhT2nH61szs3PzCYmIpubyyurZub2wWVBhLQvMk5KEs+aAoZ4LmNdOcliJJIfA5Lfqty0G9eE+lYqG40e2IegE0BKszAtpYVXvnoSw8fI7hVuDY4AGu3MVQw13onrnJqp12Ms5QeBrcMaSzqcr+cz/bzlXt70otJHFAhSYclCq7TqS9DkjNCKe9ZCVWNALSggYtGxQQUOV1hmf08K5xargeSvOExkP390QHAqXagW86A9BNNVkbmP/VyrGun3odJqJYU0FGi+oxxzrEg0xwjUlKNG8bACKZ+SsmTZBAtEluEII7efI0FA4z7lHm+NqkcYFGSqBtlEJ7yEUnKIuuUA7lEUGP6AW9oXfryXq1PqzPUeuMNZ7ZQn9kff0AZ8uaJg==</latexit>

X(f) =
1X

n=0

ane�j2⇡fn =
1

1� ae�j2⇡f

<latexit sha1_base64="XZz1ZYlHlwRqDJzoolvuc9wOhFQ="></latexit>

DTFT

z-Transform

X(f) = X(z)|z=ej2⇡f

<latexit sha1_base64="au1+hVNRaU+g7+MGPVOou/WqWhI=">AAACBXicbVDLTsJAFJ36RHxVXepiIjGBDWkJRjckRDcuMRFoArWZDlMYmT4yMzWB2o0bf8WNC41x6z+4828coAsFT3KTk3Puzb33uBGjQhrGt7a0vLK6tp7byG9ube/s6nv7LRHGHJMmDlnILRcJwmhAmpJKRqyIE+S7jLTd4eXEb98TLmgY3MhRRGwf9QPqUYykkhz9yCp6JViDVnFcenCScY3cJneVbkShl6aOXjDKxhRwkZgZKYAMDUf/6vZCHPskkJghITqmEUk7QVxSzEia78aCRAgPUZ90FA2QT4SdTL9I4YlSetALuapAwqn6eyJBvhAj31WdPpIDMe9NxP+8Tiy9czuhQRRLEuDZIi9mUIZwEgnsUU6wZCNFEOZU3QrxAHGEpQour0Iw519eJK1K2ayWT6+rhfpFFkcOHIJjUAQmOAN1cAUaoAkweATP4BW8aU/ai/aufcxal7Rs5gD8gfb5AxqXlxY=</latexit>

X(z) =
1X

n=0

anz�n =
1

1� az�1
, |az�1| < 1

<latexit sha1_base64="T5/geoX+DMSqFJZcMdwPE6XitD0="></latexit>

ROC



z-Transform,	DTFT,	DFT	Rela5ons	

Let x[n] be a length L signal and let N � L.
Now consider three transformations.

<latexit sha1_base64="mgoysKVyCnhviN0OnkjJDEX4EjE="></latexit>

X(z) =
L�1X

n=0

x[n]z�n

X(f) =
L�1X

n=0

x[n]e�j2⇡fn = X(z)|z=ej2⇡f

X[k] =
L�1X

n=0

x[n]e�j 2⇡kn
N = X(f)|f= k

N
= X(z)|

ej
2⇡k
N

<latexit sha1_base64="olbsyr2G+Poj7X+XgTY2E5fn/68="></latexit>

X(f) = X(z)|z=ej2⇡f

<latexit sha1_base64="au1+hVNRaU+g7+MGPVOou/WqWhI=">AAACBXicbVDLTsJAFJ36RHxVXepiIjGBDWkJRjckRDcuMRFoArWZDlMYmT4yMzWB2o0bf8WNC41x6z+4828coAsFT3KTk3Puzb33uBGjQhrGt7a0vLK6tp7byG9ube/s6nv7LRHGHJMmDlnILRcJwmhAmpJKRqyIE+S7jLTd4eXEb98TLmgY3MhRRGwf9QPqUYykkhz9yCp6JViDVnFcenCScY3cJneVbkShl6aOXjDKxhRwkZgZKYAMDUf/6vZCHPskkJghITqmEUk7QVxSzEia78aCRAgPUZ90FA2QT4SdTL9I4YlSetALuapAwqn6eyJBvhAj31WdPpIDMe9NxP+8Tiy9czuhQRRLEuDZIi9mUIZwEgnsUU6wZCNFEOZU3QrxAHGEpQour0Iw519eJK1K2ayWT6+rhfpFFkcOHIJjUAQmOAN1cAUaoAkweATP4BW8aU/ai/aufcxal7Rs5gD8gfb5AxqXlxY=</latexit>

X[k] = X(z)|
z=ej

2⇡k
N

<latexit sha1_base64="M4LBT1kBawhpCFLGWkwK8BquBWA="></latexit>

ZT

DTFT

DFT



z-Transform,	DTFT,	DFT	Rela5ons	

X(f) = X(z)|z=ej2⇡f

<latexit sha1_base64="au1+hVNRaU+g7+MGPVOou/WqWhI=">AAACBXicbVDLTsJAFJ36RHxVXepiIjGBDWkJRjckRDcuMRFoArWZDlMYmT4yMzWB2o0bf8WNC41x6z+4828coAsFT3KTk3Puzb33uBGjQhrGt7a0vLK6tp7byG9ube/s6nv7LRHGHJMmDlnILRcJwmhAmpJKRqyIE+S7jLTd4eXEb98TLmgY3MhRRGwf9QPqUYykkhz9yCp6JViDVnFcenCScY3cJneVbkShl6aOXjDKxhRwkZgZKYAMDUf/6vZCHPskkJghITqmEUk7QVxSzEia78aCRAgPUZ90FA2QT4SdTL9I4YlSetALuapAwqn6eyJBvhAj31WdPpIDMe9NxP+8Tiy9czuhQRRLEuDZIi9mUIZwEgnsUU6wZCNFEOZU3QrxAHGEpQour0Iw519eJK1K2ayWT6+rhfpFFkcOHIJjUAQmOAN1cAUaoAkweATP4BW8aU/ai/aufcxal7Rs5gD8gfb5AxqXlxY=</latexit>

The	DTFT		is	the	z-transform	evaluated	on	the	unit	circle.

The	DFT	is	the	z-transform	evaluated	at	N	uniformly	spaced	
points	around	the		unit	circle.

X[k] = X(z)|
z=ej

2⇡k
N

<latexit sha1_base64="M4LBT1kBawhpCFLGWkwK8BquBWA="></latexit>

Example: N = 10

<latexit sha1_base64="SOAYN2gxiYrbC7RITA6npAp2K/c=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEVPJWkKIogFEXwJBXsB7ShbLbbduluEnY3Yg39JV48KOLVn+LNf+O2zUFbHww83pthZp4fcaa043xbmaXlldW17HpuY3NrO2/v7NZVGEtCayTkoWz6WFHOAlrTTHPajCTFwue04Q+vJn7jgUrFwuBejyLqCdwPWI8RrI3UsfPXj1hEnJ6j4u2F6xQ7dsEpOVOgReKmpAApqh37q90NSSxooAnHSrVcJ9JegqVmhNNxrh0rGmEyxH3aMjTAgiovmR4+RodG6aJeKE0FGk3V3xMJFkqNhG86BdYDNe9NxP+8Vqx7Z17CgijWNCCzRb2YIx2iSQqoyyQlmo8MwUQycysiAywx0SarnAnBnX95kdTLJfe4dHJXLlQu0ziysA8HcAQunEIFbqAKNSAQwzO8wpv1ZL1Y79bHrDVjpTN78AfW5w9sG5Gh</latexit>

uniformly	spaced	
points	(red)

unit	circle	
(blue)



Convergence	and	Regions	of	Convergence

DTFT

• Absolutely summable:
P

n |x[n]| < 1 ) X(f) converges uniformly
to a continuous (di↵erentiable) function

• Energy signals:
P

n |x[n]|2 < 1 ) X(f) converges in the mean-
square and has discontinuities

• Power signals: limN!1
1

2N+1

PN
n=�N |x[n]|2 < 1 ) X(f) does not

converge at some frequencies (Dirac delta functions)

DFT

• Finite length signals ) always converges

Z-Transform

• Converges for all z = rej2⇡f where x[n]r�n is absolutely summable.

• Signals that do not have z-transforms: ej2⇡f0n, periodic signals, constants,
an, etc.

<latexit sha1_base64="EllCBlfM/RdAe7lFuztBCE8uLWY="></latexit>



Convergence	and	Regions	of	Convergence

X(z) =
1X

n=�1
x[n]z�n =

1X

n=�1
x[n]r�ne�j2⇡fn

<latexit sha1_base64="Jk4YbyXeHdYEO4aAcn5xIeRrm3I="></latexit>

|X(z)| =

�����

1X

n=�1
x[n]r�ne�j2⇡fn

�����


1X

n=�1
|x[n]r�n|

��e�j2⇡fn
��

=
1X

n=�1
|x[n]r�n| < 1

<latexit sha1_base64="4ldY/H3+ARtpoeU+/d7P4cW+9hU="></latexit>

The	set	of	points	where	this	sum	converges	
is	the	region	of	convergence	(ROC).

Ques5ons	about	
convergence	for	a	given	z	
depend	only	on	the	radius	

but	not	the	angle.	

This	means	that	ROCs	are	
circular.

= 1

<latexit sha1_base64="99iwQvyfKmlhS/3nsN/K9ZRVv3c=">AAAB6XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmRNFNsejGZRV7gXYomTTThmaSIckIZegbuHGhiNs+jHs34tuYXhZa/SHw8f/nkHNOmHCmjed9Obml5ZXVtfy6u7G5tb1T2N2ra5kqQmtEcqmaIdaUM0FrhhlOm4miOA45bYSD60neeKBKMynuzTChQYx7gkWMYGOtu7LfKRS9kjcV+gv+HIqX7245GX+61U7ho92VJI2pMIRjrVu+l5ggw8owwunIbaeaJpgMcI+2LAocUx1k00lH6Mg6XRRJZZ8waOr+7MhwrPUwDm1ljE1fL2YT87+slZroIsiYSFJDBZl9FKUcGYkma6MuU5QYPrSAiWJ2VkT6WGFi7HFcewR/ceW/UD8p+aels1uvWLmCmfJwAIdwDD6cQwVuoAo1IBDBIzzDizNwnpxX521WmnPmPfvwS874G15gkEE=</latexit>



Convergence	and	Regions	of	Convergence

The	ROC	is	a	connected	region.	

The	ROC	may	not	contain	poles.	

In	general,	the	ROC	is	either	outside	a	circle,	inside	a	circle,	or	in	an	
annular	region.

outside	a	circle inside	a	circle in	an	annular	region

(pictures	from	Wikipedia)

|z| > |a|

<latexit sha1_base64="/ddzR1zTGdwZEe/OlHLNHKTg0IQ=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LC2CIJREFD1J0YvHCvZD2lA22027dLMJuxshJv0VevCgiFd/jrf+G7etB219MPB4b4aZeV7EmdK2PbZyS8srq2v59cLG5tb2TnF3r6HCWBJaJyEPZcvDinImaF0zzWkrkhQHHqdNb3g98ZsPVCoWijudRNQNcF8wnxGsjXSfPWboEmU46xbLdsWeAi0S54eUq6XO8fO4mtS6xa9OLyRxQIUmHCvVduxIuymWmhFOR4VOrGiEyRD3adtQgQOq3HR68AgdGqWH/FCaEhpN1d8TKQ6USgLPdAZYD9S8NxH/89qx9i/clIko1lSQ2SI/5kiHaPI96jFJieaJIZhIZm5FZIAlJtpkVDAhOPMvL5LGScU5rZzdmjSuYIY8HEAJjsCBc6jCDdSgDgQCeIJXeLOk9WK9Wx+z1pz1M7MPf2B9fgN9X5Mw</latexit>

|z| < |b|

<latexit sha1_base64="PBqE0IEFq19tdBhh7ltHIMAG5hw=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LC2CIJREFD14KHrxWMF+SBvKZrtpl242YXcjxKS/Qg8eFPHqz/HWf+O29aCtDwYe780wM8+LOFPatsdWbml5ZXUtv17Y2Nza3inu7jVUGEtC6yTkoWx5WFHOBK1rpjltRZLiwOO06Q2vJ37zgUrFQnGnk4i6Ae4L5jOCtZHus8cMXaLMy7rFsl2xp0CLxPkh5Wqpc/w8ria1bvGr0wtJHFChCcdKtR070m6KpWaE01GhEysaYTLEfdo2VOCAKjedHjxCh0bpIT+UpoRGU/X3RIoDpZLAM50B1gM1703E/7x2rP0LN2UiijUVZLbIjznSIZp8j3pMUqJ5YggmkplbERlgiYk2GRVMCM78y4ukcVJxTitntyaNK5ghDwdQgiNw4ByqcAM1qAOBAJ7gFd4sab1Y79bHrDVn/czswx9Yn9971JMv</latexit>

|a| < |z| < |b|

<latexit sha1_base64="t3MLVl998LIu1K8Jv1paxwL7JHU=">AAAB+HicbVC7SgNBFL0bXzE+smppMyQIghB2RdHCImhjGcE8IFnC7GSSDJl9MDMrbHbzF3Y2ForY+il2+RsnmxSaeOBeDufcy9w5bsiZVJY1NXJr6xubW/ntws7u3n7RPDhsyCAShNZJwAPRcrGknPm0rpjitBUKij2X06Y7upv5zScqJAv8RxWH1PHwwGd9RrDSUtcspjhFNygdZ91Nu2bZqlgZ0CqxF6RcLXXOnqfVuNY1vzu9gEQe9RXhWMq2bYXKSbBQjHA6KXQiSUNMRnhA25r62KPSSbLDJ+hEKz3UD4QuX6FM/b2RYE/K2HP1pIfVUC57M/E/rx2p/rWTMD+MFPXJ/KF+xJEK0CwF1GOCEsVjTTARTN+KyBALTJTOqqBDsJe/vEoa5xX7onL5oNO4hTnycAwlOAUbrqAK91CDOhCI4AXe4N0YG6/Gh/E5H80Zi50j+APj6weuzJVx</latexit>



Z-Transforms	and	ROCs	by	Example

x[n] = anu[n]

X(z) =
1X

n=0

anz�n =
1

1� az�1
, |az�1| < 1 , |a| < |z|

<latexit sha1_base64="2rCazY8Qmqonh51DtzHNjRzG1ec="></latexit>

outside	a	circle

|z| > |a|

<latexit sha1_base64="/ddzR1zTGdwZEe/OlHLNHKTg0IQ=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LC2CIJREFD1J0YvHCvZD2lA22027dLMJuxshJv0VevCgiFd/jrf+G7etB219MPB4b4aZeV7EmdK2PbZyS8srq2v59cLG5tb2TnF3r6HCWBJaJyEPZcvDinImaF0zzWkrkhQHHqdNb3g98ZsPVCoWijudRNQNcF8wnxGsjXSfPWboEmU46xbLdsWeAi0S54eUq6XO8fO4mtS6xa9OLyRxQIUmHCvVduxIuymWmhFOR4VOrGiEyRD3adtQgQOq3HR68AgdGqWH/FCaEhpN1d8TKQ6USgLPdAZYD9S8NxH/89qx9i/clIko1lSQ2SI/5kiHaPI96jFJieaJIZhIZm5FZIAlJtpkVDAhOPMvL5LGScU5rZzdmjSuYIY8HEAJjsCBc6jCDdSgDgQCeIJXeLOk9WK9Wx+z1pz1M7MPf2B9fgN9X5Mw</latexit>

(causal)



Z-Transforms	and	ROCs	by	Example

x[n] = anu[n+ 5]

X(z) =
1X

n=�5

anz�n
=

a�5z5

1� az�1
, |az�1| < 1 , |a| < |z|

Notice that z = 1 is also excluded

because it makes the numerator infinite.

So the ROC is |a| < |z| < 1.

<latexit sha1_base64="IfV10fHwmK/59RxNQqz2d9OQ8XY="></latexit>

outside	a	circle
|a| < |z| < 1

<latexit sha1_base64="ebGFVpbyxGBWunIlVr9Ru3ZjN6M=">AAAB+3icbVDLSgMxFL1TX7W+al26CS2CIJQZUXThoujGZQX7gHYomTTThmYyQ5IRx2n/wrUbF4q49Ufc9W9MHwttPXAvh3PuJTfHizhT2rbHVmZldW19I7uZ29re2d3L7xfqKowloTUS8lA2PawoZ4LWNNOcNiNJceBx2vAGNxO/8UClYqG410lE3QD3BPMZwdpInXxhiIfoCg2fJr3NhK+TTr5kl+0p0DJx5qRUKbZPnseVpNrJf7e7IYkDKjThWKmWY0faTbHUjHA6yrVjRSNMBrhHW4YKHFDlptPbR+jIKF3kh9KU0Giq/t5IcaBUEnhmMsC6rxa9ifif14q1f+mmTESxpoLMHvJjjnSIJkGgLpOUaJ4Ygolk5lZE+lhiok1cOROCs/jlZVI/LTtn5fM7k8Y1zJCFQyjCMThwARW4hSrUgMAjvMAbvFsj69X6sD5noxlrvnMAf2B9/QD05pa7</latexit>

(non-causal	right-sided)



Z-Transforms	and	ROCs	by	Example

inside	a	circle
|z| < |a|

<latexit sha1_base64="1lF3dcG3qSMQ6BKwbmIQlOvr4kE=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVF0MYygvmQ5Ah7m71kye7esbsnxFx+hY2FIrb+HDv/jZvkCk18MPB4b4aZeUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QUNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHgz9ZuPVGkWyXsziqkvcF+ykBFsrPSQPqXoCqU47RZLbtmdAS0TLyMlyFDrFr86vYgkgkpDONa67bmx8cdYGUY4nRQ6iaYxJkPcp21LJRZU++PZwRN0YpUeCiNlSxo0U39PjLHQeiQC2ymwGehFbyr+57UTE176YybjxFBJ5ovChCMToen3qMcUJYaPLMFEMXsrIgOsMDE2o4INwVt8eZk0zspepXx+VylVr7M48nAEx3AKHlxAFW6hBnUgIOAZXuHNUc6L8+58zFtzTjZzCH/gfP4AX6aQIw==</latexit>

x[n] = �anu[�n� 1]

X(z) =
�1X

n=�1
anz�n =

1X

m=1

a�mzm

=
�a�1z

1� a�1z
=

1

1� az�1
, |a�1z| < 1 , |z| < |a|

<latexit sha1_base64="GR5itrDtHexX1taZg78P/DIGGlQ="></latexit>

(an5-causal)



Z-Transforms	and	ROCs	by	Example

inside	a	circle
0 < |z| < |a|

<latexit sha1_base64="kvKNtnRdM+9gHkDjxrq0YZ3OLQE=">AAAB9HicbVDLTgIxFL2DL8QX6tJNIzFxRWYMRBcuiG5cYiKPBCakUzrQ0OmMbYcEB77DjQuNcevHuPNv7MAsFDzJvTk559709ngRZ0rb9reVW1vf2NzKbxd2dvf2D4qHR00VxpLQBgl5KNseVpQzQRuaaU7bkaQ48DhteaPb1G+NqVQsFA96ElE3wAPBfEawNpJro2s0fZqmHU97xZJdtudAq8TJSAky1HvFr24/JHFAhSYcK9Vx7Ei7CZaaEU5nhW6saITJCA9ox1CBA6rcZH70DJ0ZpY/8UJoSGs3V3xsJDpSaBJ6ZDLAeqmUvFf/zOrH2r9yEiSjWVJDFQ37MkQ5RmgDqM0mJ5hNDMJHM3IrIEEtMtMmpYEJwlr+8SpoXZadSrt5XSrWbLI48nMApnIMDl1CDO6hDAwg8wjO8wps1tl6sd+tjMZqzsp1j+APr8wf/WZD3</latexit>

x[n] = �anu[�n+ 4]

X(z) = �
4X

n=�1
anz�n

= �
1X

m=�4

a�mzm

=
�a4z�4

1� a�1z
=

a5z�5

1� az�1
, |a�1z| < 1 , |z| < |a|

Notice that z = 0 is also excluded

because it makes the numerator infinite.

So the ROC is 0 < |z| < |a|.

<latexit sha1_base64="DNLmWImGYWRPnadRa0DulxMJa1M="></latexit>

(nonan5-causal	leS-sided)



Convergence	and	Regions	of	Convergence

x[n] = anu[n]� bnu[�n� 1]

X(z) =
1

1� az�1
+

1

1� bz�1

<latexit sha1_base64="mgsHpk20RcJL54QTp61DHph8JJE="></latexit>

|z| > |a|

<latexit sha1_base64="Vx4Ouq27OLyHcZJuP0kUKv+UaXI="></latexit>

|z| < |b|

<latexit sha1_base64="1+gC79lVOgFatVDBZBcArAdC/28="></latexit>

h?2 +QK#BM2/ _P* Bb |a| < |z| < |b|X
_2[mB`2b i?�i |a| < |b|X

<latexit sha1_base64="oPvzEXv6fSdnOpzKkNhh5M0O8ts="></latexit>

in	an	annular	region

(doubly	infinite)



Convergence	and	Regions	of	Convergence

x[n] = �[n]  ! X(z) = 1, ROC = entire z-plane

<latexit sha1_base64="rvP12gWguRsLB6BADvnhUQtrzIA="></latexit>

x[n] = �[n+ 1] + �[n] + �[n� 1]

X(z) = z + 1 + z�1, 0 < |z| < 1

<latexit sha1_base64="I9GZ0hPx9pXlPdGZyhfgRE7MT2c="></latexit>



Convergence	and	Regions	of	Convergence

Cannot	put	 	
into	these	terms.

z = 0

x[n] = an(u[n]� u[n�M ])

X(z) =
M�1X

n=0

anz�n = 1 + az�1 + a2z�2 + · · · , aN�1z�(N�1)

=
1� (az�1)N

1� az�1
, |z| > 0

<latexit sha1_base64="Bp3Iy9U31JQV3jVD9+hEdQgmQjY="></latexit>

(causal	&	finite	length)

This	is	the	en5re	z-
plane	except	the	origin.



Convergence	and	Regions	of	Convergence

|z | > 0

(noncausal	&	finite	length)

This	is	the	en5re	z-
plane	except	 	

and	 .
z = 0

z = ∞

x[n] = an(u[n+N ]� u[n�M ])

X(z) =
M�1X

n=�N

anz�n = a�NzN + · · ·+ 1 + · · · , aM�1z�(M�1)

=
(az�1)N � (az�1)M

1� az�1
, 0 < |z| < 1

<latexit sha1_base64="Sg6d6ouM6PSA/kk95xKcnBUEyq0=">AAADNXicbVJdb9MwFHXC1ygf6+CRF4tqU6o1VYKG4IFJEyCNh7UagnaVmrRyHaez6jjBdlBbL7+LV/4GD7whXvkLOFmBruNKSY7PuefaudeTjFGpPO+bZd+4eev2na27tXv3Hzzcru886ss0F5j0cMpSMZggSRjlpKeoYmSQCYKSCSNnk9mbUj/7TISkKf+oFhkJEzTlNKYYKUON61/nQx7CvUOIRhw6+ZDvd0PXfNxO2IRBUB s4y2YpBzJPxpofut1ipDuuX1SG5Ui7vIClWxtlOerCfRjgKFXSAP8PbpV6ZSoNjkHNwhSv6sYCYe2gUvCL5qjr/sOdQvvualW0YPApRxH04Ct4sbww74DyWC3G9YbX9qqA14G/Ag2witPxjhUGUYrzhHCFGZJy6HuZCjUSimJGilqQS5IhPENTMjSQo4TIUFetLuCuYSIYp8I8XMGKXXdolEi5SCYmM0HqXG5qJfk/bZir+GWoKc9yRTi+3CjOGVQpLOcGIyoIVmxhAMKCmrNCfI5M85SZbq22u75PVT0juLhKz3NOcRqRTZqpuRKoZCVRCTJtNb+mjylj8APi8q9gipaK85ZOqRnqiblCvHUsCJk117LNQPzN9l8H/Wdt/6D9/P1B4+j1ajRb4Al4ChzggxfgCLwDp6AHsLVnnVg9q29/sb/bP+yfl6m2tfI8BlfC/vUb+wH+Sg==</latexit>

|z | < ∞



X(f) = X(z)|z=ej2⇡f

<latexit sha1_base64="TNhZgvfUUj2GHHc3LE9YwRwTylI=">AAACBXicbVDLSsNAFJ3UV62vqEtdDC1Ci1CSouimUHTjsoJtA00tk+mkHTt5MDMR2piNG3/Aj3DjQhG3/oO7/o3Tx0JbD1w4nHMv997jhIwKaRgjLbW0vLK6ll7PbGxube/ou3t1EUQckxoOWMAtBwnCqE9qkkpGrJAT5DmMNJz+5dhv3BMuaODfyEFIWh7q+tSlGEkltfVDK+8WYBla+WHhoR0Py+Q2vivZIYVukrT1nFE0JoCLxJyRXCVrHz+PKoNqW/+2OwGOPOJLzJAQTdMIZStGXFLMSJKxI0FChPuoS5qK+sgjohVPvkjgkVI60A24Kl/Cifp7IkaeEAPPUZ0ekj0x743F/7xmJN3zVkz9MJLEx9NFbsSgDOA4EtihnGDJBoogzKm6FeIe4ghLFVxGhWDOv7xI6qWieVI8vVZpXIAp0uAAZEEemOAMVMAVqIIawOARvIA38K49aa/ah/Y5bU1ps5l98Afa1w81QJoh</latexit>

What	can	the	ROC	tell	us?		Stability	&	DTFT	existence

unit	circle	(UC)	=	{z : |z | = 1}

UC	 	ROC		 	DTFT	exists⊂ ⇒

ROC	=	 	{z : |z | > 1}

UC	 	ROC	 	DTFT	does	not	exist	⊄ ⇒

ROC	=	 	{z : |z | > 1.1}

UC	 	ROC	 	DTFT	does	not	exist	⊄ ⇒

a = 0.8

a = 1

a = 1.1

stable

unstable

ROC	=	 	{z : |z | > 0.8}

For	DTFT	to	exist,	ROC	must	include	UC.

unstable

Unstable	sequences	have	z-transforms	
but	not	DTFTs.

Stable	 	Summable	 	DTFT	exists⇔ ⇔X

n

|x[n]| < 1

<latexit sha1_base64="Fjoxm7OLZTpM40M3Z0378PkwTpE=">AAAB/XicbVC7SgNBFJ2Nrxhf0djZDAmCVdgVRQuLoCCWEcwDdpcwO5lNhszMLjOzYkyCn2FrY6GIrZ0fYWdj5384eRSaeODC4Zx7ufeeIGZUadv+tFJz8wuLS+nlzMrq2vpGdnOrqqJEYlLBEYtkPUCKMCpIRVPNSD2WBPGAkVrQORv6tWsiFY3Ele7GxOeoJWhIMdJGamS3PZXwhoD9G1f4/ROPilB3G9mCXbRHgLPEmZBC6fw+957//io3sh9eM8IJJ0JjhpRyHTvWfg9JTTEjg4yXKBIj3EEt4hoqECfK742uH8BdozRhGElTQsOR+nuih7hSXR6YTo50W017Q/E/z010eOz3qIgTTQQeLwoTBnUEh1HAJpUEa9Y1BGFJza0Qt5FEWJvAMiYEZ/rlWVLdLzoHxcNLk8YpGCMNdkAe7AEHHIESuABlUAEY3IIH8ASerTvr0XqxXsetKWsykwN/YL39AOcimUA=</latexit>



How	can	an	unstable	signal	have	a	z-transform?

Eve

z = rej2⇡f

<latexit sha1_base64="GOPDIvom/ICZfsWh1WIxr8IVn7Y=">AAAB9XicbVDJSgNBEK2JWxy3qEcvjUHwFGaCopdg0IvHCGaBbPR0epI2PT1Dd48Sh/yHFw8uePUzvHsR/8bOctDEBwWP96qoqudFnCntON9WamFxaXklvWqvrW9sbmW2dyoqjCWhZRLyUNY8rChngpY105zWIklx4HFa9foXI796S6ViobjWg4g2A9wVzGcEayO17guStpKbfCNiyB+2M1kn54yB5ok7JdmzD7sQvXzZpXbms9EJSRxQoQnHStVdJ9LNBEvNCKdDuxErGmHSx11aN1TggKpmMr56iA6M0kF+KE0Jjcbq74kEB0oNAs90Blj31Kw3Ev/z6rH2T5sJE1GsqSCTRX7MkQ7RKALUYZISzQeGYCKZuRWRHpaYaBOUbUJwZ1+eJ5V8zj3KHV852eI5TJCGPdiHQ3DhBIpwCSUoAwEJD/AEz9ad9Wi9Wm+T1pQ1ndmFP7DefwCDNZWG</latexit>

Even if a > 1 so that an “blows up”,

r may be chosen so that
�
a
r

�n
decays.

This requires that r > |a| and explains

why the ROC is {z : |z| = r > |a|}.

<latexit sha1_base64="t17VivjofyOwk2558DTq0u8yY5I="></latexit>

X(z) =
1X

n=0

anz�n =
1X

n=0

anr�ne�j2⇡fn =
1X

n=0

⇣a
r

⌘n
e�j2⇡fn

<latexit sha1_base64="du/2JBz9+fq7Ht5AH8gtcjG3Kas="></latexit>



Why	the	ROC	is	so	important

inside	a	circle
|z| < |a|

<latexit sha1_base64="1lF3dcG3qSMQ6BKwbmIQlOvr4kE=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVF0MYygvmQ5Ah7m71kye7esbsnxFx+hY2FIrb+HDv/jZvkCk18MPB4b4aZeUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QUNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHgz9ZuPVGkWyXsziqkvcF+ykBFsrPSQPqXoCqU47RZLbtmdAS0TLyMlyFDrFr86vYgkgkpDONa67bmx8cdYGUY4nRQ6iaYxJkPcp21LJRZU++PZwRN0YpUeCiNlSxo0U39PjLHQeiQC2ymwGehFbyr+57UTE176YybjxFBJ5ovChCMToen3qMcUJYaPLMFEMXsrIgOsMDE2o4INwVt8eZk0zspepXx+VylVr7M48nAEx3AKHlxAFW6hBnUgIOAZXuHNUc6L8+58zFtzTjZzCH/gfP4AX6aQIw==</latexit>

X(z) =
1

1� az�1

<latexit sha1_base64="Q/af2jJn91oxZbZanF4DcQIYgD8="></latexit>

outside	a	circle

|z| > |a|

<latexit sha1_base64="/ddzR1zTGdwZEe/OlHLNHKTg0IQ=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LC2CIJREFD1J0YvHCvZD2lA22027dLMJuxshJv0VevCgiFd/jrf+G7etB219MPB4b4aZeV7EmdK2PbZyS8srq2v59cLG5tb2TnF3r6HCWBJaJyEPZcvDinImaF0zzWkrkhQHHqdNb3g98ZsPVCoWijudRNQNcF8wnxGsjXSfPWboEmU46xbLdsWeAi0S54eUq6XO8fO4mtS6xa9OLyRxQIUmHCvVduxIuymWmhFOR4VOrGiEyRD3adtQgQOq3HR68AgdGqWH/FCaEhpN1d8TKQ6USgLPdAZYD9S8NxH/89qx9i/clIko1lSQ2SI/5kiHaPI96jFJieaJIZhIZm5FZIAlJtpkVDAhOPMvL5LGScU5rZzdmjSuYIY8HEAJjsCBc6jCDdSgDgQCeIJXeLOk9WK9Wx+z1pz1M7MPf2B9fgN9X5Mw</latexit>

x[n] = �anu[�n� 1]

<latexit sha1_base64="fAVWwjxwbhTNyzVpdAF9PkOiWNw="></latexit>

x[n] = anu[n]

<latexit sha1_base64="eu2fSI/kSR6dH/ssbaQLbfdlb5s="></latexit>

These	two	sequences	
have	the	same	 	but	

different	ROCs.
X(z)

causal an5-causal

Always	specify	 	
and	ROC.

X(z)



Region	of	convergence

Q: Compute the z-transform for the sequence

x[n] =

✓
1

2

◆n

u[n]�
✓
�1

3

◆n

u[�n� 1].

A: This is easy because we already know the

transforms of the two parts:

✓
1

2

◆n

u[n] ! 1

1� 1
2z

�1
, |z| > 1

2

�
✓
�1

3

◆n

u[�n� 1] ! 1

1 +
1
3z

�1
, |z| < 1

3

Conclusion: The z-transform does not exist,

because the ROCs do not overlap.

⇢
z : |z| > 1

2

�
\
⇢
z : |z| < 1

3

�
= ;

<latexit sha1_base64="7WmhqnX9uI9BMY6dwJkytAQfPog="></latexit>



Poles	and	Zeros

To	find	poles	and	zeros,	
combine	terms	and	express	as	

ra5onal	func5on	of	z.

x[n] =

✓
1

2

◆n

u[n] +

✓
�1

3

◆n

u[n]

X(z) =
1

1� 1
2z

�1
+

1

1 + 1
3z

�1

=
2z

�
z � 1

12

�
�
z � 1

2

� �
z + 1

3

�

<latexit sha1_base64="Phz5PkgqwKWp3vC3FI6G/z40eD0="></latexit>

zeros	are	roots	of	
numerator	polynomial

zeros =

⇢
0,

1

12

�

<latexit sha1_base64="000OFSza3TNO+f5nY7Io9Yes1s4=">AAACGHicbVDLSgNBEJz1GeMr6tHLYBA8SNwNil4E0YvHCCYRskuYnfQmg7MPZnrFuOxnePFXvHhQxGtu/o2TZA++ChqKqm66u/xECo22/WnNzM7NLyyWlsrLK6tr65WNzZaOU8WhyWMZqxufaZAigiYKlHCTKGChL6Ht316M/fYdKC3i6BqHCXgh60ciEJyhkbqVAxfhHrMHULHO6Sl1JQToZtTep26gGM+cPHPqOXWV6A/QzbuVql2zJ6B/iVOQKinQ6FZGbi/maQgRcsm07jh2gl7GFAouIS+7qYaE8VvWh46hEQtBe9nksZzuGqVHg1iZipBO1O8TGQu1Hoa+6QwZDvRvbyz+53VSDE68TERJihDx6aIglRRjOk6J9oQCjnJoCONKmFspHzCTB5osyyYE5/fLf0mrXnMOa0dXh9Wz8yKOEtkmO2SPOOSYnJFL0iBNwskjeSav5M16sl6sd+tj2jpjFTNb5Aes0Rf7M5+7</latexit>

poles =

⇢
1

2
,�1

3

�

<latexit sha1_base64="LYkiD3k+f6ekEFZw21kXnZog5nI=">AAACIXicbVBNS8NAEN34bf2KevSyWAQPWpJa0YtQ9OJRwWqhKWWznbSLmw92J2IJ+Ste/CtePCjSm/hn3NYgan0w8Pa9GXbm+YkUGh3n3Zqanpmdm19YLC0tr6yu2esb1zpOFYcGj2Wsmj7TIEUEDRQooZkoYKEv4ca/PRv5N3egtIijKxwk0A5ZLxKB4AyN1LGPPYR7zJJYgs7pCfUkBOhl1AsU45mbZ9V8j+5/vw5yT4leH728Y5edijMGnSRuQcqkwEXHHnrdmKchRMgl07rlOgm2M6ZQcAl5yUs1JIzfsh60DI1YCLqdjS/M6Y5RujSIlakI6Vj9OZGxUOtB6JvOkGFf//VG4n9eK8XguJ2JKEkRIv71UZBKijEdxUW7QgFHOTCEcSXMrpT3mUkDTaglE4L79+RJcl2tuLXK4WWtXD8t4lggW2Sb7BKXHJE6OScXpEE4eSBP5IW8Wo/Ws/VmDb9ap6xiZpP8gvXxCeuuo/0=</latexit>

poles	are	roots	of	
denominator	polynomial



Poles	and	Zeros	in	Matlab

This	is	called	a	
pole-zero	plot.

b = [2, -1/6];

a = [1, -1/6, -1/6];

zplane(b,a);

x[n] =

✓
1

2

◆n

u[n] +

✓
�1

3

◆n

u[n]

X(z) =
1

1� 1
2z

�1
+

1

1 + 1
3z

�1

=
2� 1

6z
�1

1� 1
6z

�1 � 1
6z

�2

<latexit sha1_base64="xZ1Hl/AQoRaQ/g47jkc7T8n5gBQ="></latexit>



X(f) = X(z)|z=ej2⇡f

<latexit sha1_base64="TNhZgvfUUj2GHHc3LE9YwRwTylI=">AAACBXicbVDLSsNAFJ3UV62vqEtdDC1Ci1CSouimUHTjsoJtA00tk+mkHTt5MDMR2piNG3/Aj3DjQhG3/oO7/o3Tx0JbD1w4nHMv997jhIwKaRgjLbW0vLK6ll7PbGxube/ou3t1EUQckxoOWMAtBwnCqE9qkkpGrJAT5DmMNJz+5dhv3BMuaODfyEFIWh7q+tSlGEkltfVDK+8WYBla+WHhoR0Py+Q2vivZIYVukrT1nFE0JoCLxJyRXCVrHz+PKoNqW/+2OwGOPOJLzJAQTdMIZStGXFLMSJKxI0FChPuoS5qK+sgjohVPvkjgkVI60A24Kl/Cifp7IkaeEAPPUZ0ekj0x743F/7xmJN3zVkz9MJLEx9NFbsSgDOA4EtihnGDJBoogzKm6FeIe4ghLFVxGhWDOv7xI6qWieVI8vVZpXIAp0uAAZEEemOAMVMAVqIIawOARvIA38K49aa/ah/Y5bU1ps5l98Afa1w81QJoh</latexit>

Causal	&	Stable	LTI	Systems

unit	circle	(UC)	=	{z : |z | = 1}

ROC	=	 	{z : |z | > 1}

ROC	=	 	{z : |z | > 1.1}

a = 0.8

a = 1

a = 1.1

stable

unstable

ROC	=	 	{z : |z | > 0.8}

For	DTFT	to	exist,	ROC	must	include	UC.

unstable X(z)	is	causal	 	ROC	lies	
outside	the	outermost	pole	

X(z)	is	stable	 	ROC	must	
include	the	unit	circle	

If	X(z)	is	causal	and	stable,	
then	all	poles	must	lie	inside	
the	unit	circle.

⇒

⇒



One	 	may	correspond	to	many	X(z) x[n]

The	ROC	is	outside	each	pole,	so	each	
pole	contributes	a	causal	term	to	x[n].	

x[n]	is	causal	(right-sided)	signal.

X(z) =
2� 1

6z
�1

1� 1
6z

�1 � 1
6z

�2
=

1

1� 1
2z

�1
+

1

1 + 1
3z

�1

<latexit sha1_base64="ieARRugmdMoeQVRd0bS6B0eRh6s="></latexit>

ROC: |z| > 1

2

<latexit sha1_base64="5KrKWa9wNBKscmdF+LidgsyZKcE=">AAACCHicbVDJSgNBEO1xjXGLevRgYxA8hZkQURQkmIs3o5gFMiH0dHqSJj0L3TVinMzRi7/ixYMiXv0Eb/6NneWgiQ8KHu9VUVXPCQVXYJrfxtz8wuLScmolvbq2vrGZ2dquqiCSlFVoIAJZd4higvusAhwEq4eSEc8RrOb0SkO/dsek4oF/C/2QNT3S8bnLKQEttTJ7NrB7iG+uSqeJfYYHDwN8jm1XEhpbSZxPWpmsmTNHwLPEmpAsmqDcynzZ7YBGHvOBCqJUwzJDaMZEAqeCJWk7UiwktEc6rKGpTzymmvHokQQfaKWN3UDq8gGP1N8TMfGU6nuO7vQIdNW0NxT/8xoRuCfNmPthBMyn40VuJDAEeJgKbnPJKIi+JoRKrm/FtEt0CqCzS+sQrOmXZ0k1n7MKuaPrQrZ4MYkjhXbRPjpEFjpGRXSJyqiCKHpEz+gVvRlPxovxbnyMW+eMycwO+gPj8weWz5kS</latexit>

x[n] =

✓
1

2

◆n

u[n] +

✓
�1

3

◆n

u[n]

<latexit sha1_base64="IeDdL2w1RvdkEZdEydxxU9ck7D8=">AAACMnicbVDLSgMxFM3UV62vqks3wSJUxDLjA90IRTe6U7Ba6Iwlk2ba0ExmSO6IZeg3ufFLBBe6UMStH2FaB9HWA4HDOedyc48fC67Btp+t3MTk1PRMfrYwN7+wuFRcXrnSUaIoq9FIRKruE80El6wGHASrx4qR0Bfs2u+eDPzrW6Y0j+Ql9GLmhaQtecApASM1i2d3DenhI+wKFkDZDRShqdNPd/qu4u0ObN5InAwSW1li+yeyOxJpFkt2xR4CjxMnIyWU4bxZfHRbEU1CJoEKonXDsWPwUqKAU8H6BTfRLCa0S9qsYagkIdNeOjy5jzeM0sJBpMyTgIfq74mUhFr3Qt8kQwIdPeoNxP+8RgLBoZdyGSfAJP1eFCQCQ4QH/eEWV4yC6BlCqOLmr5h2iOkETMsFU4IzevI4udqpOHuV/Yu9UvU4qyOP1tA6KiMHHaAqOkXnqIYoukdP6BW9WQ/Wi/VufXxHc1Y2s4r+wPr8AiptqYk=</latexit>



One	 	may	correspond	to	many	X(z) x[n]

The	ROC	is	inside	the	pole	at	1/2,	so	this	
pole	contributes	an	an5-causal	term	to	x[n].	

The	ROC	is	outside	the	pole	at	-1/3,	so	this	
pole	contributes	a	causal	term	to	x[n].	

x[n]	is	a	two-sided	signal.

X(z) =
2� 1

6z
�1

1� 1
6z

�1 � 1
6z

�2
=

1

1� 1
2z

�1
+

1

1 + 1
3z

�1

<latexit sha1_base64="ieARRugmdMoeQVRd0bS6B0eRh6s="></latexit>

ROC:
1

3
< |z| < 1

2

<latexit sha1_base64="N9mtdSbzDomLzzdhbI4TzE4bYJg=">AAACFnicbVDLSgMxFM34rPVVdekmWAQ3lhmtKOqi2I07q9hW6JSSSTNtaOZBckes0/kKN/6KGxeKuBV3/o3pA9HWA/dyOOdeknucUHAFpvllTE3PzM7NpxbSi0vLK6uZtfWKCiJJWZkGIpA3DlFMcJ+VgYNgN6FkxHMEqzqdYt+v3jKpeOBfQzdkdY+0fO5ySkBLjcyuDewO4quL4nFin2DblYTGVhLvJ/gU9+57uv9oe0kjkzVz5gB4klgjkkUjlBqZT7sZ0MhjPlBBlKpZZgj1mEjgVLAkbUeKhYR2SIvVNPWJx1Q9HpyV4G2tNLEbSF0+4IH6eyMmnlJdz9GTHoG2Gvf64n9eLQL3qB5zP4yA+XT4kBsJDAHuZ4SbXDIKoqsJoZLrv2LaJjoF0EmmdQjW+MmTpLKXs/K5g8t8tnA2iiOFNtEW2kEWOkQFdI5KqIwoekBP6AW9Go/Gs/FmvA9Hp4zRzgb6A+PjG5a7nmQ=</latexit>

x[n] = �
✓
1

2

◆n

u[�n� 1] +

✓
�1

3

◆n

u[n]

<latexit sha1_base64="Q7LeAc4/y1Dq9WmgcLxox083FP0="></latexit>



One	 	may	correspond	to	many	X(z) x[n]

The	ROC	is	inside	each	pole,	so	each	pole	
contributes	an	an5-causal	term	to	x[n].	

x[n]	is	an	an5-causal	(leS-sided)	signal.

X(z) =
2� 1

6z
�1

1� 1
6z

�1 � 1
6z

�2
=

1

1� 1
2z

�1
+

1

1 + 1
3z

�1

<latexit sha1_base64="ieARRugmdMoeQVRd0bS6B0eRh6s="></latexit>

ROC: |z| < 1

3

<latexit sha1_base64="SGD/3NSeKvAyYe3+sC4VulHSpx0=">AAACCHicbVC7SgNBFJ31GeMramnhYBCswq5GFLUIprEzinlANoTZyWwyZPbBzF0xbra08VdsLBSx9RPs/Bsnj0ITD1w4nHMv997jhIIrMM1vY2Z2bn5hMbWUXl5ZXVvPbGxWVBBJyso0EIGsOUQxwX1WBg6C1ULJiOcIVnW6xYFfvWNS8cC/hV7IGh5p+9zllICWmpkdG9g9xDdXxdPEPsP9hz4+x7YrCY2tJD5MmpmsmTOHwNPEGpMsGqPUzHzZrYBGHvOBCqJU3TJDaMREAqeCJWk7UiwktEvarK6pTzymGvHwkQTvaaWF3UDq8gEP1d8TMfGU6nmO7vQIdNSkNxD/8+oRuCeNmPthBMyno0VuJDAEeJAKbnHJKIieJoRKrm/FtEN0CqCzS+sQrMmXp0nlIGflc0fX+WzhYhxHCm2jXbSPLHSMCugSlVAZUfSIntErejOejBfj3fgYtc4Y45kt9AfG5w+VNJkR</latexit>

x[n] = �
✓
1

2

◆n

u[�n� 1]�
✓
�1

3

◆n

u[�n� 1]

<latexit sha1_base64="ZcSY6HNuGpP1a1Jfe+c/27oB0HU="></latexit>



Another	z-transform	example

(M-1)th	order	
pole	at	z=0

x[n] = an(u[n]� u[n�M ])

X(z) =
M�1X

n=0

anz�n =
1� aMz�M

1� az�1
=

1

z(M�1)

zM � aM

z � a

<latexit sha1_base64="tmup3xyNBkREMsUnPLo9I2EndmM="></latexit>

ROC: |z| > 0

<latexit sha1_base64="jfYJjdgmoj+eaCkM6vF+8NgGAU4=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAbBU5iRiKIgwVy8GcUskBlCT6eTNOlZ6K4Rk0nwV7x4UMSr/+HNv7GzHDTxQcHjvSqq6nmR4Aos69tILSwuLa+kVzNr6xubW+b2TkWFsaSsTEMRyppHFBM8YGXgIFgtkoz4nmBVr1sc+dUHJhUPg3voRcz1STvgLU4JaKlh7jnAHiG5uymeD7FzgQf9waXVMLNWzhoDzxN7SrJoilLD/HKaIY19FgAVRKm6bUXgJkQCp4INM06sWERol7RZXdOA+Ey5yfj6IT7UShO3QqkrADxWf08kxFeq53u60yfQUbPeSPzPq8fQOnMTHkQxsIBOFrVigSHEoyhwk0tGQfQ0IVRyfSumHSIJBR1YRodgz748TyrHOTufO7nNZwtX0zjSaB8doCNko1NUQNeohMqIoj56Rq/ozXgyXox342PSmjKmM7voD4zPHzFGlGk=</latexit>

pole	at	z=a

zeros at zk = aej
2⇡k
M

for k = 0, 1, · · · ,M � 1

<latexit sha1_base64="eExpdwcZTqgKoZssJYxZ7F6nozY="></latexit>

pole-zero	cancella5on	at	z=a	
(a=0.8	and	N=10)	

ROC	is	en5re	z-plane	
except	for	the	origin.

(causal	finite-length	signal)



Two	ways	to	enter	this	into	Matlab:	

num	=	a.^[0:M-1];	
den	=	1;	

num	=	[1,	zeros(1,M-1),	-a^M];	
den	=	[1,	-a];

Another	z-transform	example

x[n] = an(u[n]� u[n�M ])

X(z) =
M�1X

n=0

anz�n =
1� aMz�M

1� az�1
=

1

z(M�1)

zM � aM

z � a

<latexit sha1_base64="tmup3xyNBkREMsUnPLo9I2EndmM="></latexit>

X(z) =
M�1X

n=0

anz�n =
1� aMz�M

1� az�1

<latexit sha1_base64="vIe0fzOpvRaIDEz/vIGRo4qpLuM="></latexit>

X(z) =
M�1X

n=0

anz�n

= 1 + az�1 + a2z�2 + · · ·+ aM�1z�(M�1)

<latexit sha1_base64="D9A81m1Huhi9TtC4P3JthUxmZG8="></latexit>



Table	3.1	(page	110)	Common	z-Transform	Pairs

Note	what	is	missing	
from	the	table:	
everlas5ng	sin,	cos,	exp.	

These	signals	do	not	
have	z-transforms.



Table	3.2	(page	132)	Z-Transform	Proper5es

These	are	easy	
to	derive,	but	
take	care	of	the	

ROCs.



Ini5al	&	Final	Value	Theorems

Initial Value Theorem: If x[n] is causal, then

lim
z!1

X(z) = x[0].

Final Value Theorem: If x[n] is causal, then

lim
n!1

x[n] = lim
z!1

(1� z�1)X(z).

<latexit sha1_base64="Y5UmGdJsqdk1bLD2H5WqEIJRo0U="></latexit>



Impulse	Response	and	Transfer	Func5ons

These	are	common	examples	of	signal	processing	block	diagrams.

The z-transform of the impulse response h[n]
is the transfer function H(z).

<latexit sha1_base64="wZlaZEjcYRQAlzVGLBQFHQ7dt20="></latexit>

h[n] = �[n� d]  ! H(z) = z
�d

<latexit sha1_base64="xpzYsE/5sYzaPX4GEb+ixB+SLKs="></latexit>

ROC :

8
><

>:

whole z-plane, d = 0, (identity system)

|z| > 0, d > 0, (delay)

|z| < 0, d < 0, (advance)

<latexit sha1_base64="7WjDVFz8Jg7Z4dSHWREUnXasD70="></latexit>

H(z)x[n] y[n] z−dx[n] y[n] = x[n − d]



Transfer	Func5ons	of	Difference	Equa5ons	(LTI	Systems)

Time-shift property: x[n� d] () X(z)z�d

<latexit sha1_base64="CaK3tcsnCthBSMreTN9Vv7NKs+I="></latexit>

Di↵erence eqn.:
NX

k=0

aky[n� k] =
MX

k=0

bkx[n� k]

<latexit sha1_base64="VG2OIwlwukBICQQMm44yF3tlO6M="></latexit>

Take z-transform:
NX

k=0

akz
�kY (z) =

MX

k=0

bkz
�kX(z)

<latexit sha1_base64="VV8pWl3NAuD0AplnOkW+CmS8Bv4="></latexit>



Transfer	Func5ons	of	Difference	Equa5ons	(LTI	Systems)

Time-shift property: x[n� d] () X(z)z�d

<latexit sha1_base64="CaK3tcsnCthBSMreTN9Vv7NKs+I="></latexit>

Di↵erence eqn.:
NX

k=0

aky[n� k] =
MX

k=0

bkx[n� k]

<latexit sha1_base64="VG2OIwlwukBICQQMm44yF3tlO6M="></latexit>

Take z-transform:
NX

k=0

akz
�kY (z) =

MX

k=0

bkz
�kX(z)

<latexit sha1_base64="VV8pWl3NAuD0AplnOkW+CmS8Bv4="></latexit>

Solve for H(z): H(z) =
Y (z)

X(z)
=

PM
k=0 bkz

�k

PN
k=0 akz

�k
=

B(z)

A(z)

<latexit sha1_base64="ZqnKBTjg+uyyppum+G6wfdx/RME="></latexit>

B(z) =
MX

k=0

bkz
�k A(z) =

NX

k=0

akz
�k

<latexit sha1_base64="/QWTVoluSgdzWed1yZ6lke3EPqc="></latexit>



Transfer	Func5ons	of	Difference	Equa5ons	(LTI	Systems)

Given	a	difference	equa5on,	the	transfer	func5on	H(z)	may	be	wri>en	
down	by	inspec5on.	

Given	a	ra5onal	transfer	func5on	H(z)=B(z)/A(z),	the	difference	
equa5on	may	be	wri>en	down	by	inspec5on.

Time-shift property: x[n� d] () X(z)z�d

<latexit sha1_base64="CaK3tcsnCthBSMreTN9Vv7NKs+I="></latexit>

Di↵erence eqn.:
NX

k=0

aky[n� k] =
MX

k=0

bkx[n� k]

<latexit sha1_base64="VG2OIwlwukBICQQMm44yF3tlO6M="></latexit>

Take z-transform:
NX

k=0

akz
�kY (z) =

MX

k=0

bkz
�kX(z)

<latexit sha1_base64="VV8pWl3NAuD0AplnOkW+CmS8Bv4="></latexit>

Solve for H(z): H(z) =
Y (z)

X(z)
=

PM
k=0 bkz

�k

PN
k=0 akz

�k
=

B(z)

A(z)

<latexit sha1_base64="ZqnKBTjg+uyyppum+G6wfdx/RME="></latexit>



Transfer	Func5ons	of	Difference	Equa5ons	(LTI	Systems)

defini5on (1) (2) (3)

(1) Factor out b0 from numerator and a0 from denominator
(2) Factor out z�M from numerator and z�N from denominator
(3) Factor resulting polynomials
Roots of numerator polynomial are zeros zk, k = 0, 1, · · · ,M
Roots of denominator polynomial are poles pk, k = 0, 1, · · · , N
max{0, N �M} zeros at z = 0 (if N > M)
max{0,M �N} poles at z = 0 (if M > N)
Poles or zeros may also occur at z = 1
Poles at z = 1 if X(1) = 1
Zeros at z = 1 if X(0) = 1
Equal numbers of poles and zeros (counting z = 1)

<latexit sha1_base64="VTLRvhtw9AYeSgqwrw0cQjyZfnA="></latexit>

H(z) =
B(z)

A(z)
=

PM
k=0 bkz

�k

PN
k=0 akz

�k
=

✓
b0

a0

◆
z
�M+N

QM
k=1(z � zk)QN
k=1(z � pk)

<latexit sha1_base64="bLOtawNfSFrZZsBnAGZMuvVfyQc="></latexit>



Transfer	Func5ons	of	Difference	Equa5ons	(LTI	Systems)

There are M finite zeros and N finite poles.

<latexit sha1_base64="/HrtSmzP9hGMFUZ5exIOOb81s2o=">AAACGXicbVDLSgNBEJyNrxhfqx69DCaCp7AbFD0GvXhRIuQFSQizk95kyOzMMjMrxJDf8OKvePGgiEc9+TdOHogmFjQUVd10dwUxZ9p43peTWlpeWV1Lr2c2Nre2d9zdvaqWiaJQoZJLVQ+IBs4EVAwzHOqxAhIFHGpB/3Ls1+5AaSZF2QxiaEWkK1jIKDFWarteuQcKMLGVu87hkAlmAN+DkhoT0cG5mx8xlhx0vu1mvbw3AV4k/oxk0QyltvvR7EiaRCAM5UTrhu/FpjUkyjDKYZRpJhpiQvukCw1LBYlAt4aTz0b4yCodHEplSxg8UX9PDEmk9SAKbGdETE/Pe2PxP6+RmPC8NWQiTgwIOl0UJhwbiccx4Q5TQA0fWEKoYvZWTHtEEWpsmBkbgj//8iKpFvL+Sf70tpAtXsziSKMDdIiOkY/OUBFdoRKqIIoe0BN6Qa/Oo/PsvDnv09aUM5vZR3/gfH4DS+ieoQ==</latexit>

H(z) =

✓
b0

a0

◆ QM
k=1(1� zkz

�1)
QN

k=1(1� pkz
�1)

=

✓
b0

a0

◆
z
�M+N

QM
k=1(z � zk)QN
k=1(z � pk)

<latexit sha1_base64="IrPlBf73PFu1FK4b6cBWPG745wI="></latexit>



Inverse	Z-Transform

Paper	is	linked	on	“resources”	tab	of	class	web	site.	
Expand	 	in	par5al	frac5on	expansion,	then	write	down	 .H(z) h[n]



Inverse	Z-Transform	via	Computer

You	have	already	encountered	PFE	in	calculus	and	in	
con5nuous-5me	signals	and	systems.		This	semester	you	are	

going	to	learn	how	to	do	PFE	on	computer	(Matlab).

H(z) =

h[n] = r(1)[p(1)]nu[n] + · · ·+ r(n)[p(n)]nu[n]

+ k(1)�[n] + k(2)�[n� 1] + · · ·

<latexit sha1_base64="pXRmkmRm5Z08BWGpv0n8fXH0Qhs="></latexit>



Inverse	Z-Transform	via	Computer

Note:	In	what	follows,	we	are	always	assuming	that	the	ROC	is	the	
region	outside	the	outermost	pole.		The	inverse	z-transform,	i.e.	

the	impulse	response	h[n],	will	be	a	causal	sequence.

H(z) =

h[n] = r(1)[p(1)]nu[n] + · · ·+ r(n)[p(n)]nu[n]

+ k(1)�[n] + k(2)�[n� 1] + · · ·

<latexit sha1_base64="pXRmkmRm5Z08BWGpv0n8fXH0Qhs="></latexit>

simple	poles



Inverse	Z-Transform	via	Computer

H(z) =

h[n] = r(1)[p(1)]nu[n] + · · ·+ r(n)[p(n)]nu[n]

+ k(1)�[n] + k(2)�[n� 1] + · · ·

<latexit sha1_base64="pXRmkmRm5Z08BWGpv0n8fXH0Qhs="></latexit>

direct	terms

Note:	In	what	follows,	we	are	always	assuming	that	the	ROC	is	the	
region	outside	the	outermost	pole.		The	inverse	z-transform,	i.e.	

the	impulse	response	h[n],	will	be	a	causal	sequence.



Inverse	Z-Transform	Components:	1st	Order	Poles



Convergence	and	Regions	of	Convergence

In	this	class,	we	will	only	encounter	second	order	poles,	
i.e.	poles	with	mul5plicity	2.	

For	higher	order	poles,	see	the	paper	…	

H(z) =

h[n] = R(j)[P (j)]nu[n] +R(j + 1)(n+ 1)[P (j)]nu[n]

<latexit sha1_base64="bF6HYKEiR4w/naNL9tbvs6i3lOI="></latexit>



Inverse	Z-Transform	Components:	2nd	Order	Poles



Inverse	Z-Transform:	Complex	Conjugate	Pair	of	Poles

One	other	common	case	is	a	pair	of	complex	conjugate	poles.

H(z) =
A

1� pz�1
+

A
⇤

1� p⇤z�1

h[n] = (Ap
n +A

⇤(p⇤)n)u[n]

= 2|A|rn cos(2⇡f0n+ ✓)u[n]

A = |A|ej✓, p = re
j2⇡f0

<latexit sha1_base64="gaLmtEp67g6B11Sbv0HKjfW+ABg="></latexit>



Inverse	Z-Transform	Components:	Complex	Conjugate	Pole	Pairs



Some	Useful	Matlab	Func5ons

par5al	frac5on	expansion:	b=[1,1];	a=poly([1,0.5]);	[r,p,k]=residuez(b,a);	
r	=	[4,	-3];			p	=	[1,	0.5];			k=[];

polynomial	mul5plica5on:	conv([1,-1],[1,-1/2])	=	[1,	-1.5,	0.5]
(1� z�1)(1� 0.5z�1) = 1� 1.5z�1 + 0.5z�2

<latexit sha1_base64="h9eJKfA9SEcN3S9CDRatzcbLOO4="></latexit>

polynomial	synthesis	from	roots:	poly([1,0.5])	=	[1,	-1.5,	0.5]
(1� z�1)(1� 0.5z�1) = 1� 1.5z�1 + 0.5z�2

<latexit sha1_base64="h9eJKfA9SEcN3S9CDRatzcbLOO4="></latexit>
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Convergence	and	Regions	of	Convergence

Transfer	func5on	H(z)	=	B(z)/A(z)	is	represented	in	Matlab	
by	vectors	b	and	a	containing	the	coefficients	of	B(z)	and	
A(z),	respec5vely.	

make	a	pole-zero	plot:		zplane(b,a)	

plot	the	frequency	response:		freqz(b,a)	

filter	a	signal:		y	=	filter(b,a,x)	

compute	the	first	100	samples	of	the	impulse	response:	
										h	=	filter(b,a,[1,zeros(1,99)]);	

compute	analy5cal	expression	for	the	impulse	response:	
										[r,p,k]	=	residuez(b,a);	
										Now	write	down	h[n]	from	the	residues,	poles,	and	
										direct	terms.



Inverse	Z-Transform	Example

[r,p,k]=residuez(10*[1,-1/sqrt(2)],conv([1,-0.5],[1,-sqrt(2),1]));

y[n] = 0.5y[n� 1] + x[n] ) y[n]� 0.5y[n� 1] = x[n]

H(z) =
1

1� 0.5z�1
, |z| > 0.5 ) h[n] = (0.5)nu[n]
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Inverse	Z-Transform	Example	(con5nued)

r = |r|ej\r

<latexit sha1_base64="/orCrAsJbe0R2L8ulU3+gpMeLwE="></latexit>

p = |p|ej\p

<latexit sha1_base64="W4yv9ueTvBspHy58kkaKBr4QvLs="></latexit>
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◆◆
u[n]

<latexit sha1_base64="Uz2t61lPuFX30Sg8146KvMo4CHc="></latexit>



Inverse	Z-Transform	Examples

See	more	examples	in	the	textbook	Chapter	3.



System	Algebra

Series	and	parallel	cascade	equivalences.

G(z) H(z) G(z) H(z)

G(z)

H(z)

+ G(z) + H(z)

⇔

⇔

If	G(z)H(z)	=	1,	and	H(z)	=	B(z)/A(z),	then	G(z)	=	A(z)/B(z).	

G(z)	is	the	inverse	system	of	H(z).	

If	H(z)	is	causal	and	stable,	and	G(z)	is	causal	and	stable,	
then	all	poles	and	zeros	of	H(z)	must	be	inside	the	unit	circle.	

This	is	called	a	minimum	phase	system.

g[n] ⇤ h[n] = �[n]

<latexit sha1_base64="TvD8CmRorZzJvORZdrXBpl4L4WU=">AAACA3icbZDLSsNAFIYn9VbrLepON0OLIAglEUU3QtGNywr2Ak0ok+m0HTqZhJkTIYSCG9/AZ3DjQhG3voS7vo3Ty0Jbfxj4+M85nDl/EAuuwXFGVm5peWV1Lb9e2Njc2t6xd/fqOkoUZTUaiUg1A6KZ4JLVgINgzVgxEgaCNYLBzbjeeGBK80jeQxozPyQ9ybucEjBW2z7otaSPPaIB98d0hb0OE0AMt+2SU3YmwovgzqBUKXonz6NKWm3b314noknIJFBBtG65Tgx+RhRwKtiw4CWaxYQOSI+1DEoSMu1nkxuG+Mg4HdyNlHkS8MT9PZGRUOs0DExnSKCv52tj879aK4HupZ9xGSfAJJ0u6iYCQ4THgeAOV4yCSA0Qqrj5K6Z9oggFE1vBhODOn7wI9dOye1Y+vzNpXKOp8ugQFdExctEFqqBbVEU1RNEjekFv6N16sl6tD+tz2pqzZjP76I+srx+DxZnK</latexit>



n1=[2, 0.8, -2.2]; d1=[1, 0.3, -0.4];
n2=[0, -0.4, 1]; d2=[1, 0.5, -0.24];
n = conv(n1,d2) + conv(n2,d1);
d = conv(d1,d2); % common denominator
z = roots(n); % zeros = [ 0.7702, -0.8, -0.8, 0.1298]
p = roots(d); % poles = [-0.8   , -0.8,  0.5, 0.3   ]
n = poly(z([1,4]); % cancel zeros at -0.8
  = 2*[1, -0.9, 0.1]
d = poly(p([3,4]); % cancel poles at -0.8
  = [1, -0.8, 0.15]

System	Algebra

H1(z) =
2 + 0.8z�1 � 2.2z�2

1 + 0.3z�1 � 0.4

H2(z) =
�0.4z�1 + z

�2

1 + 0.5z�1 � 0.24z�2

H(z) = H1(z) +H2(z) =
2� 1.8z�1 + 0.2z�2

1� 0.8z�1 + 0.15z�2
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The	End

Next	we	will	apply	z-transform	concepts	to	analyze	systems.


