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Characterization of LTI Systems

LTI systems are characterized by their
impulse response and their transfer function.
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Phase Response
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Phase Response
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Group Delay

group delay is
the slope of the
phase response
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Broadband signals = sum of narrowband signals with different center frequencies.
Linear phase (constant group delay) = All components have same delay (distortionless system).
Nonlinear phase (variable group delay) = Different components have different delays (time dispersion).



Phase Response
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Phase Response Example
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ne high frequency component is attenuated.
ne mid frequency component has gain of two.
he low frequency component is delayed by 150 samples.




Phase Response Example

input signal x[n]

i
250 300

output signal y[n]
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2% 50 100 150 200 250 300

Sample number (n)

The high frequency component is attenuated.
ne mid frequency component has gain of two.
The low frequency component is delayed by 150 samples.
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Frequency Response for Rational Transfer Functions
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Frequency Response for Rational Transfer Functions
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Frequency Response for Rational Transfer Functions
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Example 5.8 (page 299)
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Example 5.8 (page 299)
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Magnitude Response Example

y[n| — 2r cos Oy[n — 1] + ry[n — 2] = z[n|
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For any frequency and point 7 = eﬂ”f, the
magnitude response is the product of the
lengths of “zero vectors” divided by the
product of lengths of “pole vectors”.
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Phase Response Example
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— 2 f For any frequency and point 7 = eﬂ”f, the
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Band Pass Filter

Imagine combining responses

of multiple zeros and poles to
achieve magnitude, phase, and
delay responses like those
pictured here.
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All-Pass Systems
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Minimum Phase Systems

1.All-pass (AP) systems have unity gain and pole-zero pairs at

conjugate-reciprocal locations.

2.Minimum phase (MP) systems = All poles and zeros are inside
the unit circle.

3.MP systems and their inverses are causal and stable.

4.General systems may be factored into MP and AP parts.

5.Can compensate for (or invert) the MP part of distortion.

H(2) = Hyp(2)Hap(z _.-_.

(decomposition)

Huip ()H(2) = Har (=) — (R S —

(compensation)
> HAP (Z) >

(no magnitude distortion, only phase distortion)




Minimum Phase Decomposition

How is the MP-AP decomposition computed?

Suppose H(z) has one zero outside the unit
circle at z = ¢~ *. Then H(z) may be written as

H(z) = Hi(z) - (27" — )
— Hy(2)-(1—c2 ). (Zl ~ C*>

1 —cz—1




Minimum Phase Decomposition

How is the MP-AP decomposition computed?

Suppose H(z) has one zero outside the unit
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Matlab Examples

Examples in Matlab:

e All-pass, single pole

e All-pass, complex conjugate pole pair
e DC blocker

e FIR low pass filter

* [IR low pass filter

Look at:

e Magnitude response
 Phase response

e Group delay

e Pole-zero plot

e Impulse response



All-Pass Filter
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All-Pass Filter

Complex-Conjugate Poles
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DC Blocker

Pole at z=0.9
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DC Blocker

Pole at z=0.7
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DC Blocker

Pole at z=0.5
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60 Hz Notch
Fs = 500 samples/second

Pole radius = 0.9
Pole angle = 2pi * 60/500
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IR Low Pass Filter

Butterworth Filter Design
3rd Order Filter
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Magnitude Response (linear)
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IR Low Pass Filter

Elliptic Filter Design
3rd Order Filter
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Generalized Linear Phase Systems

Remember this example of a non-linear phase system H(z)?

\

input signal x[n] |

00 % 200 250 300

p— L‘:

i |
- 087 -06m -0md 027 0 027 04w 067 08w -

Y 7 ~ [output signal y[n]
—50 | _ B o _J 1 ol . .

— | i i
—-q 087 -06m 04w 027 0 027 047w 067 087 ™ 2 0 50 100 150 200 250 300

w Sample number (n)

The three signal components each experience different delay.
This can’t happen with generalized linear phase systems which have
constant group delay.

H(f) _ A(f)e—j%rfa—l—jﬁ (A(f) is real bipolar function)

LH(f) =sign{A(f)} —2nfa+ [
7(f) = a (constant)




Generalized Linear Phase Systems

ldeal low pass filter with zero phase
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Generalized Linear Phase Systems
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Generalized Linear Phase Systems: Four Interesting Cases

Impulse response: H(f) = A(f)e I2mlatip
hin],n=0,1, 2, ..., M, LH(f):Slgn{A(f)}—zﬂ'f(y—Fﬁ

length = M+1
& 7(f) = a (constant)
Type Symmetry Order M b, A(f)

’ h[n] = h[M-n] M = even b =0 or pi
even about a=M/2 a=int A(f) real & even

5 h[n] = h[M-n] M = odd b =0 orpi
even about a=M/2 a=int+ 0.5 A(f) real & even

3 h[n] = -h[M-n] M = even b = pi/2 or 3pi/2
odd about a=M/2 a=int A(f) real & odd

4 h[n] = -h[M-n] M = odd b = pi/2 or 3pi/2
odd about a=M/2 a=int+0.5 A(f) real & odd




What is the z-transform?

Type 1: M=even, h[n]=even | 1] ] l[ ]

Type 2: M=o0dd, h[n]=even ‘] ] ]

Type 3: M=even, h[n]=o0dd l] |

Type 4: M=odd, h[n]=odd | s



All these systems have linear phase and constant group delay
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Roots of Real Polynomials

Generalized linear phase systems are: (1) FIR and (2) symmetric (even or odd).

= h[0] + R[1])z" + R[22z 2+ - + A[M]zM

= Z hin|z™

Zero locations have special structure due
to real coefficients A[n] and symmetry.

z,2% 271 27* &  general location
Umt z-plane Umt $m z-plane
z2,2* <> unit circle - i il ;7

anne A

2,271 & real line { > g’*e g 0 e
reaI axis °
+1 < alone unit circle/ pair
pair (@)
All poles are at the origin. Uit o 1gm i,

Notice that none of these FIR
systems is minimum phase.

circle
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e
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Now let’s go design some filters!



