
ECE 3640 Discrete-Time Signals and Systems 
Utah State University 

Spring 2020

System Analysis
using the

Z-Transform

<latexit sha1_base64="JQsgRxOtYhakDdtI4OmZ7xG4Ec4=">AAACInicbVBNSwMxEM36bf2qevQSrIIXy64o6s2Pi0dFW4vdUrLptA0m2SWTFZbib/HiX/HiQVFPgj/GbO1BWwcCb96b4WVelEiB1vc/vbHxicmp6ZnZwtz8wuJScXmlinFqOFR4LGNTixiCFBoqVlgJtcQAU5GE6+j2NNev78CgiPWVzRJoKNbRoi04s45qFg9DDtqCEbpDLzO0oOixZjJDgTQMCynmgu1C3mzcbGxfGaaxHRtVaBZLftnvFx0FwQCUyKDOm8X3sBXzVDk/LhliPfAT2+gxYwWXcF8IU4SE8VvWgbqDminARq9/4j3ddEyLOmP3tKV99vdGjynETEVuUjHbxWEtJ//T6qltHzR6QiepBc1/jNqppDameV60JQxwKzMHGDfC/ZXyLjOMu9AwDyEYPnkUVHfKwW5572KndHQyiGOGrJF1skUCsk+OyBk5JxXCyQN5Ii/k1Xv0nr037+NndMwb7KySP+V9fQNu26Lv</latexit>



Characteriza*on	of	LTI	Systems
LTI	systems	are	characterized	by	their	

impulse	response	and	their	transfer	func*on.

y[n] = h[n] ⇤ x[n] wh ! Y (z) = H(z)X(z)

<latexit sha1_base64="h/UOtPollkB2S2L4ckRjqkCO3sw="></latexit>

H(f) = H(z)|z=ej2πf

<latexit sha1_base64="dvxWc1bqJdnGIKBEFzu8jWpA2vM="></latexit>

frequency	
response

transfer	
func*on

unit	
circle

|Y (f)| = |H(f)| |X(f)|
|Y (f)|/" = |H(f)|/" + |X(f)|/"

\Y (f) = \H(f) + \X(f)

<latexit sha1_base64="+ZPQ6EX+zDVOWYRMwZC1biHEOI8="></latexit>

magnitude	
response

phase	
response

H(f) = |H(f)|ej\H(f)

<latexit sha1_base64="7FIEnuf8ZwQ9IkZCqRl91lnhIUI="></latexit>

Y (f) = H(f)X(f)

|Y (f)|ej\Y (f) = |H(f)||X(f)|ej[\H(f)+\X(f)]

<latexit sha1_base64="MxO/0lV0h0Qptjmdc1bIUSuDDb8="></latexit>

magnitude	
response

phase	
response



Phase	Response

phase	response	
(unwrapped	phase)	
(con*nuous	phase)

principal	value	
(wrapped	phase)

�⇡  �_:[H(f)]  ⇡

<latexit sha1_base64="Jgew98qcg1CzDv1TyntlkbLPnJ0="></latexit>

\H(f) = �_:[H(f)] + 2⇡r(f)

<latexit sha1_base64="q3Sq9ted9fQMZGqn5vIDJ2WJs1Q="></latexit>

r(f) 2 BMi2;2`b

<latexit sha1_base64="3gH2YcqMUrikTD/tbgl2h14UO5o="></latexit>

−π ≤ �i�Mk[H(f)] ≤ π

<latexit sha1_base64="rW3dVpvCJtYdYMVs3CTXhOJF6s4="></latexit>

∠H(f)

<latexit sha1_base64="7dhwzPbiITUnt6n60AQoV+v2jwk="></latexit>



Phase	Response

\H(f) = �_:[H(f)] + 2⇡r(f)

<latexit sha1_base64="q3Sq9ted9fQMZGqn5vIDJ2WJs1Q="></latexit>

∠H(f)

<latexit sha1_base64="7dhwzPbiITUnt6n60AQoV+v2jwk="></latexit>

�_:[H(f)]

<latexit sha1_base64="F7s0lETqZ01Mak4+1YdjybGOnCw="></latexit>

phase	response	
(unwrapped	phase)	
(con*nuous	phase)

principal	value	
(wrapped	phase)

�⇡  �_:[H(f)]  ⇡

<latexit sha1_base64="Jgew98qcg1CzDv1TyntlkbLPnJ0="></latexit>



Group	Delay

τ(f) = − 1

2π

d

df
∠H(f)

<latexit sha1_base64="HRSSW0Pw0lQlYKTqF1Nxi0PT3f4="></latexit>

phase	response	
(unwrapped	phase)	
(con*nuous	phase)

group	delay	is	
the	slope	of	the	
phase	response

Example

h[n] = �[n� d]

H(f) = e
�j2⇡fd

\H(f) = �2⇡fd

⌧(f) = d

<latexit sha1_base64="PFBdLWPYG+GozyimtQPSehRuB18="></latexit>

first-order	Taylor	approxima*on	of	 	about	∠H( f ) f = f0

f

<latexit sha1_base64="V7zDGCVALEHy0YmuBlsu/lkf2TI="></latexit>

X(f)

<latexit sha1_base64="TpQm4YznlbMHerNmZXPYJfcXzIU="></latexit>

f0

<latexit sha1_base64="OjBkRvQawACspYcHh44dZnnER2s="></latexit>

0

<latexit sha1_base64="JFqpHHr50xlaNS0sLSRpunSwLWA="></latexit>

1

2

<latexit sha1_base64="Cm0lq0VrzGkPZM5EdkutGtlk774="></latexit>

∠H(f)

<latexit sha1_base64="7dhwzPbiITUnt6n60AQoV+v2jwk="></latexit>

\H(f) ⇡ \H(f0)� 2⇡(f � f0)⌧(f0)

= '(f0)� 2⇡f⌧(f0)

<latexit sha1_base64="JjilqxfrPwX15F7CBOxYgEP42No="></latexit>

x[n] = s[n] cos(2⇡f0n)

y[n] ⇡ |H(f0)|s[n� ⌧(f0)] cos(2⇡f0n+ '(f0))

<latexit sha1_base64="+p7I4HqC+YU3XWKJmz7QS3Ji5vo="></latexit>

(narrowband	signal)

Broadband	signals	=	sum	of	narrowband	signals	with	different	center	frequencies.	
Linear	phase	(constant	group	delay)	 	All	components	have	same	delay	(distor*onless	system).	

Nonlinear	phase	(variable	group	delay)	 	Different	components	have	different	delays	(*me	dispersion).
⇒

⇒

[samples]

locally	the	phase	
looks	linear



Phase	Response

∠H(f)

<latexit sha1_base64="7dhwzPbiITUnt6n60AQoV+v2jwk="></latexit>

phase	response	
(unwrapped	phase)	
(con*nuous	phase)

Nonlinear	phase	response

⌧(f)

<latexit sha1_base64="kMa9tEjceFlS4r2+85I3Co5bvMY="></latexit>

group	delay

variable	group	delay	
(delay	distor*on)	
(*me	dispersion)



Phase	Response	Example

magnitude	response

⌧(f)

<latexit sha1_base64="kMa9tEjceFlS4r2+85I3Co5bvMY="></latexit>

group	delay

|H(f)|

<latexit sha1_base64="vU5bVDZhmlytLTJBOegEt0pT2+I="></latexit>

The	high	frequency	component	is	aRenuated.	
The	mid	frequency	component	has	gain	of	two.	
The	low	frequency	component	is	delayed	by	150	samples.



Phase	Response	Example

input	signal	x[n]

output	signal	y[n]

The	high	frequency	component	is	aRenuated.	
The	mid	frequency	component	has	gain	of	two.	
The	low	frequency	component	is	delayed	by	150	samples.



Frequency	Response	for	Ra*onal	Transfer	Func*ons

H(z) =

M∑

k=0

bkz
−k

N∑

k=0

akz
−k

=

(
b0
a0

)
M∏

k=1

(1− zkz
−1)

N∏

k=1

(1− pkz
−1)

<latexit sha1_base64="hs1BhgTTeR8UAT6sek5abjnAQXM="></latexit>

H(f) =

(
b0
a0

)
M∏

k=1

(1− zke
−j2πf )

N∏

k=1

(1− pke
−j2πf )

<latexit sha1_base64="DS8mBdxNIIORm5QFci/VLHqp+dE="></latexit>

|H(f)| =
∣∣∣∣
b0
a0

∣∣∣∣

M∏

k=1

|1− zke
−j2πf |

N∏

k=1

|1− pke
−j2πf |

<latexit sha1_base64="M444zVQId6HTZtMR301F/EFWEEE="></latexit>

|H(f)|/" =

∣∣∣∣
b0
a0

∣∣∣∣
/"

+
M∑

k=1

|1− zke
−j2πf |/" −

N∑

k=1

|1− pke
−j2πf |/"

<latexit sha1_base64="5UGo1Hhwl3ImztfEU/Ez2NBvxKA="></latexit>

∠H(f) = ∠
(
b0
a0

)
+

M∑

k=1

∠(1− zke
−j2πf )−

N∑

k=1

∠(1− pke
−j2πf )

<latexit sha1_base64="tgvsOwRcmt5Xl6jXQ+0cAUbzoe0="></latexit>

τ(f) = −
M∑

k=1

|zk|2 − _2{zke−j2πf}
1 + |zk|2 − 2_2{zke−j2πf} +

N∑

k=1

|pk|2 − _2{pke−j2πf}
1 + |pk|2 − 2_2{pke−j2πf}

<latexit sha1_base64="e9MMsVd5nHwugtZIZdc8yvn2ZPQ="></latexit>

|H(f)|/" = 20 log10 |H(f)|

<latexit sha1_base64="KI/uCLrT+HcDBOfoK7xRrQisclM=">AAACDnicbVDLSgNBEOyNrxhfq4IXPQyKEC9hNyh6EUK8eFQwGkhCmJ3MJoOzD2Z6xbDJF3jxD/yGXDwo4tWzN//GyeOg0YKGoqqb7i4vlkKj43xZmZnZufmF7GJuaXlldc1e37jWUaIYr7BIRqrqUc2lCHkFBUpejRWngSf5jXd7NvRv7rjSIgqvsBvzRkDbofAFo2ikpr3fO8/7B71mHfk9pq1yn5ySokPqMmo3U9fpT2x7zyk4I5C/xJ2QvdIuZJ62BjsXTfuz3opYEvAQmaRa11wnxkZKFQomeT9XTzSPKbulbV4zNKQB14109E6f7BulRfxImQqRjNSfEykNtO4GnukMKHb0tDcU//NqCfonjVSEcYI8ZONFfiIJRmSYDWkJxRnKriGUKWFuJaxDFWVoEsyZENzpl/+S62LBPSwcXZo0yjBGFrZhF/LgwjGU4BwuoAIMHmAAL/BqPVrP1pv1Pm7NWJOZTfgF6+MbFYKcaA==</latexit>

magnitude	
response

phase	
response

group	delay	
response

z = ej2πf
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PN
k=0 aky[n� k] =

PM
k=0 bkx[n� k] , H(z)

<latexit sha1_base64="5JA/90Dsyfib9Xejed2+2BSZxPw="></latexit>



Frequency	Response	for	Ra*onal	Transfer	Func*ons

group	
delay

phase	
response

magnitude	
response

(1− az−1) =
(z − a)

z

(1− ae−j2πf )

x2`Q �i a = rej2πf

r = 0.9, f = 0,
1

4
,
1

2

<latexit sha1_base64="Zz09misAOLsnRRa3jNX34rB0jkY="></latexit>

Single	Zero

Single	pole	has	the	
“opposite”	response.



Frequency	Response	for	Ra*onal	Transfer	Func*ons

group	
delay

phase	
response

magnitude	
response

(1− az−1) =
(z − a)

z

(1− ae−j2πf )

x2`Q �i a = rej2πf

r = 0.5, 0.7, 0.9, 1.0, f =
1

2

<latexit sha1_base64="gxPZ984pvY9YQXNSNlIa14tI8V4="></latexit>

Single	Zero

Single	pole	has	the	
“opposite”	response.



Example	5.8	(page	299)

zeros

poles

|H(ω)|
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τ(ω)
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�_:[H(ω)]

<latexit sha1_base64="UHm2CtNG3mqdyOi7gGp8Tjj2dWY=">AAAB/nicbVDLSgNBEOyN7/iKil70sCQIegm7ougx6sEcVYwJJEuYnXSSwdkHM71iWAL+iXjxoIh48zu8+TdOEg++ChqKqm66u/xYCk2O82FlxsYnJqemZ7Kzc/MLi7ml5UsdJYpjhUcyUjWfaZQixAoJkliLFbLAl1j1r44HfvUalRZReEG9GL2AdULRFpyRkZq51QbhDaWH5yf9enmrEQXYYdteM1dwis4Q9l/ifpFCKQ+Zu7XXjdNm7r3RingSYEhcMq3rrhOTlzJFgkvsZxuJxpjxK9bBuqEhC1B76fD8vr1plJbdjpSpkOyh+n0iZYHWvcA3nQGjrv7tDcT/vHpC7QMvFWGcEIZ8tKidSJsie5CF3RIKOcmeIYwrYW61eZcpxskkljUhuL9f/ksud4rubnHvzKRxBCNMwzrkYQtc2IcSlOEUKsAhhXt4hCfr1nqwnq2XUWvG+ppZgR+w3j4BB1GXEA==</latexit>



Example	5.8	(page	299)

zeros

poles

|H(ω)|

<latexit sha1_base64="8H0o58nBPe8AtULH1XTNjwgGieY=">AAAB8nicbVDLSgNBEOyNrxhfUcGLHpYEIV7Crih6DHrJMYJ5wGYJs5PZZMjszDIzK4RNPsOLB4N49eKvePNvnDwOmljQUFR1090VxIwq7TjfVmZtfWNzK7ud29nd2z/IHx41lEgkJnUsmJCtACnCKCd1TTUjrVgSFAWMNIPB/dRvPhGpqOCPehgTP0I9TkOKkTaSN6qW2iIiPXQx6uSLTtmZwV4l7oIUKwXITE4+z2qd/Fe7K3ASEa4xQ0p5rhNrP0VSU8zIONdOFIkRHqAe8QzlKCLKT2cnj+1zo3TtUEhTXNsz9fdEiiKlhlFgOiOk+2rZm4r/eV6iw1s/pTxONOF4vihMmK2FPf3f7lJJsGZDQxCW1Nxq4z6SCGuTUs6E4C6/vEoal2X3qnz9YNK4gzmycAoFKIELN1CBKtSgDhgEPMMrTCxtvVhv1vu8NWMtZo7hD6yPH0Sgksg=</latexit>

zeros	pull	the	
magnitude	

response	down

τ(ω)

<latexit sha1_base64="RvpBtvmt11KAA4itu9YSKShg+wU=">AAAB83icbVDLSgNBEOyNrxhfUcGLHoYEIV7Crih6DHrxGME8ILuE2clsMjizs8zMCmHJb3jxEBGvHvwVb/6Nk8dBEwsaiqpuurvChDNtXPfbya2srq1v5DcLW9s7u3vF/YOmlqkitEEkl6odYk05i2nDMMNpO1EUi5DTVvh4O/FbT1RpJuMHM0xoIHA/ZhEj2FjJ9w1OK74UtI/PusWyW3WnQMvEm5NyrQS58dHnSb1b/PJ7kqSCxoZwrHXHcxMTZFgZRjgdFfxU0wSTR9ynHUtjLKgOsunNI3RqlR6KpLIVGzRVf09kWGg9FKHtFNgM9KI3Ef/zOqmJroOMxUlqaExmi6KUIyPRJADUY4oSw4eWYKKYvRWRAVaYGBtTwYbgLb68TJrnVe+ienlv07iBGfJwDCWogAdXUIM7qEMDCCTwDGN4dVLnxXlz3metOWc+cwh/4Hz8AAm2kzg=</latexit>

�_:[H(ω)]

<latexit sha1_base64="UHm2CtNG3mqdyOi7gGp8Tjj2dWY=">AAAB/nicbVDLSgNBEOyN7/iKil70sCQIegm7ougx6sEcVYwJJEuYnXSSwdkHM71iWAL+iXjxoIh48zu8+TdOEg++ChqKqm66u/xYCk2O82FlxsYnJqemZ7Kzc/MLi7ml5UsdJYpjhUcyUjWfaZQixAoJkliLFbLAl1j1r44HfvUalRZReEG9GL2AdULRFpyRkZq51QbhDaWH5yf9enmrEQXYYdteM1dwis4Q9l/ifpFCKQ+Zu7XXjdNm7r3RingSYEhcMq3rrhOTlzJFgkvsZxuJxpjxK9bBuqEhC1B76fD8vr1plJbdjpSpkOyh+n0iZYHWvcA3nQGjrv7tDcT/vHpC7QMvFWGcEIZ8tKidSJsie5CF3RIKOcmeIYwrYW61eZcpxskkljUhuL9f/ksud4rubnHvzKRxBCNMwzrkYQtc2IcSlOEUKsAhhXt4hCfr1nqwnq2XUWvG+ppZgR+w3j4BB1GXEA==</latexit>

poles	push	the	
magnitude	
response	up



Magnitude	Response	Example

y[n]� 2r cos ✓y[n� 1] + r2y[n� 2] = x[n]

<latexit sha1_base64="BglFDB2IpiL/0UhROt7pX4aGzFs=">AAACF3icbVDLSgMxFM34rPVVdekmtAhCaZkpim6EohuXFewDOmPJpGkbmskMyR1xKP2LbvwVNy4Ucau7/o3pY6GtBwIn55xLco8fCa7BtsfWyura+sZmaiu9vbO7t585OKzpMFaUVWkoQtXwiWaCS1YFDoI1IsVI4AtW9/s3E7/+yJTmobyHJGJeQLqSdzglYKRWppg0pYcLuKRcGmoXegwINlrB8XAeq4fS9FLy8BV+MslWJmcX7SnwMnHmJFfOuvnRuJxUWplvtx3SOGASqCBaNx07Am9AFHAq2DDtxppFhPZJlzUNlSRg2htM9xriE6O0cSdU5kjAU/X3xIAEWieBb5IBgZ5e9Cbif14zhs6lN+AyioFJOnuoEwsMIZ6UhNtcMQoiMYRQxc1fMe0RRSiYKtOmBGdx5WVSKxWds+L5nZMrX6MZUugYZdEpctAFKqNbVEFVRNEIvaA39G49W6/Wh/U5i65Y85kj9AfW1w+jc6AR</latexit>

h[n] = rn sin[✓(n+1)]
sin ✓ u[n]

<latexit sha1_base64="oN/41SCgrlTycmT8p1EPs3SMer4="></latexit>

|H(f)| = |v3|2

|v1| · |v2|
=

1

|v1| · |v2|

<latexit sha1_base64="5Ivw2wiv2sNho1Ny40+tp0AtCZk="></latexit>

H(z) =
1

(1� rej✓z�1)(1� re�j✓z�1)
=

z
2

(z � rej✓)(z � re�j✓)

<latexit sha1_base64="Uji55luUDtS3DH85Tdih3M5kNaA="></latexit>

For	any	frequency	and	point	 ,	the	
magnitude	response	is	the	product	of	the	
lengths	of	“zero	vectors”	divided	by	the	
product	of	lengths	of	“pole	vectors”.

z = ej2πfz = ej2⇡f

<latexit sha1_base64="GsTaW5yLOiEBJL8+vNBQFOC9mAc=">AAAB9HicbVDLSgNBEOz1GddX1KOXwSB4CrtB0Usw6MVjBPOAZA2zk9lkdHZ3nJkNxCXf4cWDErz6G969iH/j5HHQxIKGoqqb7i5fcKa043xbC4tLyyurmTV7fWNzazu7s1tVcSIJrZCYx7LuY0U5i2hFM81pXUiKQ5/Tmn9/OfJrPSoVi6Mb3RfUC3EnYgEjWBvJeyzS2/Su0BQMBYNWNufknTHQPHGnJHf+YRfF8Msut7KfzXZMkpBGmnCsVMN1hPZSLDUjnA7sZqKowOQed2jD0AiHVHnp+OgBOjRKGwWxNBVpNFZ/T6Q4VKof+qYzxLqrZr2R+J/XSHRw5qUsEommEZksChKOdIxGCaA2k5Ro3jcEE8nMrYh0scREm5xsE4I7+/I8qRby7nH+5NrJlS5gggzswwEcgQunUIIrKEMFCDzAE7zAq9Wznq2h9TZpXbCmM3vwB9b7D6vFlQo=</latexit>

|H(f)| = |ej2⇡f |2

|ej2⇡f � rej✓| · |ej2⇡f � re�j✓|

<latexit sha1_base64="O6w6gL4pjI8KeecK7UqJqc4ebIQ="></latexit>



Phase	Response	Example

y[n]� 2r cos ✓y[n� 1] + r2y[n� 2] = x[n]

<latexit sha1_base64="BglFDB2IpiL/0UhROt7pX4aGzFs=">AAACF3icbVDLSgMxFM34rPVVdekmtAhCaZkpim6EohuXFewDOmPJpGkbmskMyR1xKP2LbvwVNy4Ucau7/o3pY6GtBwIn55xLco8fCa7BtsfWyura+sZmaiu9vbO7t585OKzpMFaUVWkoQtXwiWaCS1YFDoI1IsVI4AtW9/s3E7/+yJTmobyHJGJeQLqSdzglYKRWppg0pYcLuKRcGmoXegwINlrB8XAeq4fS9FLy8BV+MslWJmcX7SnwMnHmJFfOuvnRuJxUWplvtx3SOGASqCBaNx07Am9AFHAq2DDtxppFhPZJlzUNlSRg2htM9xriE6O0cSdU5kjAU/X3xIAEWieBb5IBgZ5e9Cbif14zhs6lN+AyioFJOnuoEwsMIZ6UhNtcMQoiMYRQxc1fMe0RRSiYKtOmBGdx5WVSKxWds+L5nZMrX6MZUugYZdEpctAFKqNbVEFVRNEIvaA39G49W6/Wh/U5i65Y85kj9AfW1w+jc6AR</latexit>

h[n] = rn sin[✓(n+1)]
sin ✓ u[n]

<latexit sha1_base64="oN/41SCgrlTycmT8p1EPs3SMer4="></latexit>

H(z) =
1

(1� rej✓z�1)(1� re�j✓z�1)
=

z
2

(z � rej✓)(z � re�j✓)

<latexit sha1_base64="Uji55luUDtS3DH85Tdih3M5kNaA="></latexit>

For	any	frequency	and	point	 ,	the	
phase	response	is	the	sum	of	the	angles	of	

“zero	vectors”	wrt	the	posi*ve	real	axis	minus	
the	sum	of	angles	of	“pole	vectors”.

z = ej2πf
z = ej2⇡f

<latexit sha1_base64="GsTaW5yLOiEBJL8+vNBQFOC9mAc=">AAAB9HicbVDLSgNBEOz1GddX1KOXwSB4CrtB0Usw6MVjBPOAZA2zk9lkdHZ3nJkNxCXf4cWDErz6G969iH/j5HHQxIKGoqqb7i5fcKa043xbC4tLyyurmTV7fWNzazu7s1tVcSIJrZCYx7LuY0U5i2hFM81pXUiKQ5/Tmn9/OfJrPSoVi6Mb3RfUC3EnYgEjWBvJeyzS2/Su0BQMBYNWNufknTHQPHGnJHf+YRfF8Msut7KfzXZMkpBGmnCsVMN1hPZSLDUjnA7sZqKowOQed2jD0AiHVHnp+OgBOjRKGwWxNBVpNFZ/T6Q4VKof+qYzxLqrZr2R+J/XSHRw5qUsEommEZksChKOdIxGCaA2k5Ro3jcEE8nMrYh0scREm5xsE4I7+/I8qRby7nH+5NrJlS5gggzswwEcgQunUIIrKEMFCDzAE7zAq9Wznq2h9TZpXbCmM3vwB9b7D6vFlQo=</latexit>

H(f) =

�
e
j2⇡f

�2

(ej2⇡f � rej✓) · (ej2⇡f � re�j✓)

<latexit sha1_base64="DTV4wixvKh8hxb2ms3C3vBce2I0="></latexit>

\H(f) = 4⇡f � \(ej2⇡f � re
j✓)

� \(ej2⇡f � re
�j✓)

<latexit sha1_base64="bZ1QjZcBapK90+Eh3X3QBLQ9RXI="></latexit>



Band	Pass	Filter	

Imagine	combining	responses	
of	mul*ple	zeros	and	poles	to	
achieve	magnitude,	phase,	and	
delay	responses	like	those	

pictured	here.



All-Pass	Systems

x2`Q �i a�⇤

<latexit sha1_base64="yWJV9C69cpVdmMc3o9bvdsLmRsk=">AAAB/HicbVDJSgNBEO2JW4xbNEcvjYngxTATFD0GvXiMYBZIxlDT6SRNeha6a4RxiL/ixYMiXv0Qb/6NneWgiQ8KHu9VUVXPi6TQaNvfVmZldW19I7uZ29re2d3L7x80dBgrxusslKFqeaC5FAGvo0DJW5Hi4HuSN73R9cRvPnClRRjcYRJx14dBIPqCARqpmy88chVSQFqC+/S0AxrHpW6+aJftKegyceakSOaodfNfnV7IYp8HyCRo3XbsCN0UFAom+TjXiTWPgI1gwNuGBuBz7abT48f02Cg92g+VqQDpVP09kYKvdeJ7ptMHHOpFbyL+57Vj7F+6qQiiGHnAZov6saQY0kkStCcUZygTQ4ApYW6lbAgKGJq8ciYEZ/HlZdKolJ2z8vltpVi9mseRJYfkiJwQh1yQKrkhNVInjCTkmbySN+vJerHerY9Za8aazxTIH1ifP5M0lBQ=</latexit>

TQH2 �i a

<latexit sha1_base64="/Fy4GTbuEENDkdmhpWKLpTsKj1o=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LLaCp5IURY9FLx4r2FpIQ5lsN+3STTbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNirTjLeYkkp3QjBcioS3UKDknVRziEPJH8PR7cx/fOLaCJU84DjlQQyDRESCAVrJT5XkFJBWodorV9yaOwddJV5OKiRHs1f+6vYVy2KeIJNgjO+5KQYT0CiY5NNSNzM8BTaCAfctTSDmJpjMT57SM6v0aaS0rQTpXP09MYHYmHEc2s4YcGiWvZn4n+dnGF0HE5GkGfKELRZFmaSo6Ox/2heaM5RjS4BpYW+lbAgaGNqUSjYEb/nlVdKu17yL2uV9vdK4yeMokhNySs6JR65Ig9yRJmkRRhR5Jq/kzUHnxXl3PhatBSefOSZ/4Hz+AOqNkFw=</latexit>

H(z) =
z
�1 � a

⇤

1� az�1
=

1� a
⇤
z

z � a

H(f) =
e
�j2⇡f � a

⇤

1� ae�j2⇡f
= e

�j2⇡f 1� a
⇤
e
j2⇡f

1� ae�j2⇡f

<latexit sha1_base64="nLXOSm+4NAANt5mUG2yjG8T9k5k="></latexit>

a

<latexit sha1_base64="fbMU7D6cAMX4hDGRSJFvsAQHicc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUoP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1XvsnrVcCu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4AxLWM6Q==</latexit>

a−∗

<latexit sha1_base64="3mWrSWaHTFIyLB5EhOuYBG3sulE=">AAAB8HicbVBNS8NAEN34WetX1aOXYBG8WBJR9Fj04rGC/ZA2lsl20y7d3YTdiVBCf4UXD4p49ed489+4bXPQ1gcDj/dmmJkXJoIb9LxvZ2l5ZXVtvbBR3Nza3tkt7e03TJxqyuo0FrFuhWCY4IrVkaNgrUQzkKFgzXB4M/GbT0wbHqt7HCUskNBXPOIU0EoP8JiddsDguFsqexVvCneR+Dkpkxy1bumr04tpKplCKsCYtu8lGGSgkVPBxsVOalgCdAh91rZUgWQmyKYHj91jq/TcKNa2FLpT9fdEBtKYkQxtpwQcmHlvIv7ntVOMroKMqyRFpuhsUZQKF2N38r3b45pRFCNLgGpub3XpADRQtBkVbQj+/MuLpHFW8c8rF3deuXqdx1Egh+SInBCfXJIquSU1UieUSPJMXsmbo50X5935mLUuOfnMAfkD5/MHwM2QYA==</latexit>

poles	and	zeros	at	
conjugate	reciprocal	
loca*ons	fall	on	the	

same	ray

a = 0.9,−0.9

<latexit sha1_base64="uOjhyUsSjKudOX+vuLZgTmjZJEc=">AAAB9HicbVDLSgMxFL1TX7W+qi51ESyCCx1miqIuhKIblxXsA9qhZNJMG5rJjEmmUIZ+hxsXirj1Y9z5N6bTLrT1wL0czrmX3Bw/5kxpx/m2ckvLK6tr+fXCxubW9k5xd6+uokQSWiMRj2TTx4pyJmhNM81pM5YUhz6nDX9wN/EbQyoVi8SjHsXUC3FPsIARrI3kYXSDHPv6FJ2Z3imWHNvJgBaJOyOlyiFkqHaKX+1uRJKQCk04VqrlOrH2Uiw1I5yOC+1E0RiTAe7RlqECh1R5aXb0GB0bpYuCSJoSGmXq740Uh0qNQt9Mhlj31bw3Ef/zWokOrryUiTjRVJDpQ0HCkY7QJAHUZZISzUeGYCKZuRWRPpaYaJNTwYTgzn95kdTLtntuXzyYNG6naUAeDuAITsCFS6jAPVShBgSe4Ble4c0aWi/Wu/UxHc1Zs519+APr8wdLvo/h</latexit>

H(z) =
Mr∏

k=1

z−1 − ak
1− akz−1

Mc∏

k=1

(z−1 − b∗k)(z
−1 − bk)

(1− bkz−1)(1− b∗kz
−1)

<latexit sha1_base64="xK4pxHBE/mxAkEHiEJF+eWp6QHc="></latexit>

τ(ω)

<latexit sha1_base64="RvpBtvmt11KAA4itu9YSKShg+wU=">AAAB83icbVDLSgNBEOyNrxhfUcGLHoYEIV7Crih6DHrxGME8ILuE2clsMjizs8zMCmHJb3jxEBGvHvwVb/6Nk8dBEwsaiqpuurvChDNtXPfbya2srq1v5DcLW9s7u3vF/YOmlqkitEEkl6odYk05i2nDMMNpO1EUi5DTVvh4O/FbT1RpJuMHM0xoIHA/ZhEj2FjJ9w1OK74UtI/PusWyW3WnQMvEm5NyrQS58dHnSb1b/PJ7kqSCxoZwrHXHcxMTZFgZRjgdFfxU0wSTR9ynHUtjLKgOsunNI3RqlR6KpLIVGzRVf09kWGg9FKHtFNgM9KI3Ef/zOqmJroOMxUlqaExmi6KUIyPRJADUY4oSw4eWYKKYvRWRAVaYGBtTwYbgLb68TJrnVe+ienlv07iBGfJwDCWogAdXUIM7qEMDCCTwDGN4dVLnxXlz3metOWc+cwh/4Hz8AAm2kzg=</latexit>

�_:[H(ω)]

<latexit sha1_base64="UHm2CtNG3mqdyOi7gGp8Tjj2dWY=">AAAB/nicbVDLSgNBEOyN7/iKil70sCQIegm7ougx6sEcVYwJJEuYnXSSwdkHM71iWAL+iXjxoIh48zu8+TdOEg++ChqKqm66u/xYCk2O82FlxsYnJqemZ7Kzc/MLi7ml5UsdJYpjhUcyUjWfaZQixAoJkliLFbLAl1j1r44HfvUalRZReEG9GL2AdULRFpyRkZq51QbhDaWH5yf9enmrEQXYYdteM1dwis4Q9l/ifpFCKQ+Zu7XXjdNm7r3RingSYEhcMq3rrhOTlzJFgkvsZxuJxpjxK9bBuqEhC1B76fD8vr1plJbdjpSpkOyh+n0iZYHWvcA3nQGjrv7tDcT/vHpC7QMvFWGcEIZ8tKidSJsie5CF3RIKOcmeIYwrYW61eZcpxskkljUhuL9f/ksud4rubnHvzKRxBCNMwzrkYQtc2IcSlOEUKsAhhXt4hCfr1nqwnq2XUWvG+ppZgR+w3j4BB1GXEA==</latexit>

|H(f)| = 1

<latexit sha1_base64="cqO3mKQgEQyJfVz9Q1rpI3Gq8ck=">AAAB8XicbVDJSgNBEK2JW4xbVPCihyZBiJcwI4pehKCXHCOYBZMh9HR6kiY9PUN3jxAm+QsvHlzw6slf8ebf2FkOmvig4PFeFVX1vIgzpW3720otLa+srqXXMxubW9s72d29mgpjSWiVhDyUDQ8rypmgVc00p41IUhx4nNa9/s3Yrz9QqVgo7vQgom6Au4L5jGBtpPthueCfDNEVctrZvF20J0CLxJmRfCkHqdeDz6NKO/vV6oQkDqjQhGOlmo4daTfBUjPC6SjTihWNMOnjLm0aKnBAlZtMLh6hY6N0kB9KU0Kjifp7IsGBUoPAM50B1j01743F/7xmrP1LN2EiijUVZLrIjznSIRq/jzpMUqL5wBBMJDO3ItLDEhNtQsqYEJz5lxdJ7bTonBXPb00a1zBFGg4hBwVw4AJKUIYKVIGAgEd4hhdLWU/Wm/U+bU1Zs5l9+APr4wcbBJFt</latexit>

“all-pass”

all-pass	systems	used	
to	modify	the	phase	
response	and	group	

delay	of	other	systems



Minimum	Phase	Systems

1.All-pass	(AP)	systems	have	unity	gain	and	pole-zero	pairs	at	

conjugate-reciprocal	loca*ons.	

2.Minimum	phase	(MP)	systems	=	All	poles	and	zeros	are	inside	

the	unit	circle.	

3.MP	systems	and	their	inverses	are	causal	and	stable.	

4.General	systems	may	be	factored	into	MP	and	AP	parts.	

5.Can	compensate	for	(or	invert)	the	MP	part	of	distor*on.

H
�1
MP(z)H(z) = HAP(z)

<latexit sha1_base64="MCgZY08pCzIjkj0yxTPI28fVzHY="></latexit>

H(z) = HMP(z)HAP(z)

<latexit sha1_base64="8vS2V+7cy+HQw5bjHaQN6KbEm04="></latexit>

(decomposi*on)

(compensa*on)

H(z)

<latexit sha1_base64="NFw1BNsh1k43oxJ6UMM3DmE27Dg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LC1CRSiJKHoseumxgmkLbSib7bZdutmE3Y0QQ3+Dlx4U8eoP8tZ/46btQVsfDDzem2Fmnh9xprRtz6zcxubW9k5+t7C3f3B4VDw+aaowloS6JOShbPtYUc4EdTXTnLYjSXHgc9ryxw+Z33qmUrFQPOkkol6Ah4INGMHaSG698nJR6BXLdtWeA60TZ0nKtVL3cjqrJY1e8bvbD0kcUKEJx0p1HDvSXoqlZoTTSaEbKxphMsZD2jFU4IAqL50fO0HnRumjQShNCY3m6u+JFAdKJYFvOgOsR2rVy8T/vE6sB3deykQUayrIYtEg5kiHKPsc9ZmkRPPEEEwkM7ciMsISE23yyUJwVl9eJ82rqnNdvXk0adzDAnk4gxJUwIFbqEEdGuACAQav8AbvlrCm1of1uWjNWcuZU/gD6+sHk/2Q3A==</latexit>

H(z)

<latexit sha1_base64="NFw1BNsh1k43oxJ6UMM3DmE27Dg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LC1CRSiJKHoseumxgmkLbSib7bZdutmE3Y0QQ3+Dlx4U8eoP8tZ/46btQVsfDDzem2Fmnh9xprRtz6zcxubW9k5+t7C3f3B4VDw+aaowloS6JOShbPtYUc4EdTXTnLYjSXHgc9ryxw+Z33qmUrFQPOkkol6Ah4INGMHaSG698nJR6BXLdtWeA60TZ0nKtVL3cjqrJY1e8bvbD0kcUKEJx0p1HDvSXoqlZoTTSaEbKxphMsZD2jFU4IAqL50fO0HnRumjQShNCY3m6u+JFAdKJYFvOgOsR2rVy8T/vE6sB3deykQUayrIYtEg5kiHKPsc9ZmkRPPEEEwkM7ciMsISE23yyUJwVl9eJ82rqnNdvXk0adzDAnk4gxJUwIFbqEEdGuACAQav8AbvlrCm1of1uWjNWcuZU/gD6+sHk/2Q3A==</latexit>

H
�1
MP(z)

<latexit sha1_base64="zyzY3geVaVD0RbfQhtaEfJuDMOQ=">AAAB/XicbVDJSgNBEO0xLjFucbl5GQyBeDDMiKLHoJdchAhmgWQcejqdpEnPQneNmAyDJ//Di4giXv0Pb+LRH7EnyUETHxQ83quiqp4TcCbBMD61udT8wuJSejmzsrq2vpHd3KpJPxSEVonPfdFwsKScebQKDDhtBIJi1+G07vTPE79+Q4VkvncFg4BaLu56rMMIBiXZ2Z2y3QJ6C9FFJb6ODsy4MNzP2NmcUTRG0GeJOSG5Uv4+ZX4/fVXs7Eer7ZPQpR4QjqVsmkYAVoQFMMJpnGmFkgaY9HGXNhX1sEulFY2uj/W8Utp6xxeqPNBH6u+JCLtSDlxHdboYenLaS8T/vGYInVMrYl4QAvXIeFEn5Dr4ehKF3maCEuADRTARTN2qkx4WmIAKLAnBnH55ltQOi+ZR8fhSpXGGxkijXbSHCshEJ6iEyqiCqoigIXpAz+hFu9MetVftbdw6p01mttEfaO8/292X4A==</latexit>

HAP(z)

<latexit sha1_base64="gZGgY4CPq5abDRaeZN4ZZq7e180=">AAAB+HicbVDLSsNAFJ3UV62PRl26CS1CRSiJKLqsuumygn1AE8JkOm2HTh7M3Ihp6F+4c+NCEbd+irv+jZO2C209cOFwzr3ce48XcSbBNKdabm19Y3Mrv13Y2d3bL+oHhy0ZxoLQJgl5KDoelpSzgDaBAaedSFDse5y2vdFd5rcfqZAsDB4giajj40HA+oxgUJKrF+uuDfQJ0pvGpDI+Lbh62ayaMxirxFqQcq1knz1Pa0nD1b/tXkhinwZAOJaya5kROCkWwAink4IdSxphMsID2lU0wD6VTjo7fGKcKKVn9EOhKgBjpv6eSLEvZeJ7qtPHMJTLXib+53Vj6F87KQuiGGhA5ov6MTcgNLIUjB4TlABPFMFEMHWrQYZYYAIqqywEa/nlVdI6r1oX1ct7lcYtmiOPjlEJVZCFrlAN1VEDNRFBMXpBb+hdG2uv2of2OW/NaYuZI/QH2tcPwICVeg==</latexit>

(no	magnitude	distor*on,	only	phase	distor*on)



Minimum	Phase	Decomposi*on

How	is	the	MP-AP	decomposi*on	computed?

H(z) = H1(z) · (z�1 � c
⇤)

= H1(z) · (1� cz
�1) ·

✓
z
�1 � c

⇤

1� cz�1

◆

<latexit sha1_base64="NOP7486bWZWJfpE3Fg8q0hkFI/g="></latexit>

Suppose H(z) has one zero outside the unit
circle at z = c

�⇤. Then H(z) may be written as

<latexit sha1_base64="VtBm5AP7GRwojQGPTjhaHQy7ayQ="></latexit>



Minimum	Phase	Decomposi*on

How	is	the	MP-AP	decomposi*on	computed?

(minimum	phase	part) (all-pass	part)

H(z) = H1(z) · (z�1 � c
⇤)

= H1(z) · (1� cz
�1) ·

✓
z
�1 � c

⇤

1� cz�1

◆

<latexit sha1_base64="NOP7486bWZWJfpE3Fg8q0hkFI/g="></latexit>

Re(z)

Im(z)

Re(z)

Im(z)

c�⇤

<latexit sha1_base64="T6FYzFJ3qlD3j6O+692CYLAXo/c=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboJFcGOZEUU3YtGNywr2Iu1YMmnahiaZIckIZehTuHGhiLjzRdy7Ed/G9LLQ1h8CH/9/DjnnhDFn2njet5OZm19YXMouuyura+sbuc2tio4SRWiZRDxStRBrypmkZcMMp7VYUSxCTqth73KYV++p0iySN6Yf00DgjmRtRrCx1i25Sw8aWJtBM5f3Ct5IaBb8CeTPP9yz+O3LLTVzn41WRBJBpSEca133vdgEKVaGEU4HbiPRNMakhzu0blFiQXWQjgYeoD3rtFA7UvZJg0bu744UC637IrSVApuuns6G5n9ZPTHt0yBlMk4MlWT8UTvhyERouD1qMUWJ4X0LmChmZ0WkixUmxt7ItUfwp1eehcphwT8qHF97+eIFjJWFHdiFffDhBIpwBSUoAwEBD/AEz45yHp0X53VcmnEmPdvwR877DyS7k6M=</latexit>

Re(z)

Im(z)

c

<latexit sha1_base64="mXyypybE6a4pm1bmxAfID9RD3mU=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdUbQRgzaWCZgLJEuYnZxNxsxemJkVwpInsLFQxFYfxt5GfBsniYUm/jDw8f/nMOccPxFcacf5snILi0vLK/lVe219Y3OrsL1TV3EqGdZYLGLZ9KlCwSOsaa4FNhOJNPQFNvzB1Thv3KFUPI5u9DBBL6S9iAecUW2sKusUik7JmYjMg/sDxYt3+zx5+7QrncJHuxuzNMRIM0GVarlOor2MSs2ZwJHdThUmlA1oD1sGIxqi8rLJoCNyYJwuCWJpXqTJxP3dkdFQqWHom8qQ6r6azcbmf1kr1cGZl/EoSTVGbPpRkAqiYzLemnS5RKbF0ABlkptZCetTSZk2t7HNEdzZleehflRyj0snVadYvoSp8rAH+3AILpxCGa6hAjVggHAPj/Bk3VoP1rP1Mi3NWT89u/BH1us3KJOQLA==</latexit>

c�⇤

<latexit sha1_base64="T6FYzFJ3qlD3j6O+692CYLAXo/c=">AAAB8HicbZDLSgMxFIbP1Fsdb1WXboJFcGOZEUU3YtGNywr2Iu1YMmnahiaZIckIZehTuHGhiLjzRdy7Ed/G9LLQ1h8CH/9/DjnnhDFn2njet5OZm19YXMouuyura+sbuc2tio4SRWiZRDxStRBrypmkZcMMp7VYUSxCTqth73KYV++p0iySN6Yf00DgjmRtRrCx1i25Sw8aWJtBM5f3Ct5IaBb8CeTPP9yz+O3LLTVzn41WRBJBpSEca133vdgEKVaGEU4HbiPRNMakhzu0blFiQXWQjgYeoD3rtFA7UvZJg0bu744UC637IrSVApuuns6G5n9ZPTHt0yBlMk4MlWT8UTvhyERouD1qMUWJ4X0LmChmZ0WkixUmxt7ItUfwp1eehcphwT8qHF97+eIFjJWFHdiFffDhBIpwBSUoAwEBD/AEz45yHp0X53VcmnEmPdvwR877DyS7k6M=</latexit>

c

<latexit sha1_base64="mXyypybE6a4pm1bmxAfID9RD3mU=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdUbQRgzaWCZgLJEuYnZxNxsxemJkVwpInsLFQxFYfxt5GfBsniYUm/jDw8f/nMOccPxFcacf5snILi0vLK/lVe219Y3OrsL1TV3EqGdZYLGLZ9KlCwSOsaa4FNhOJNPQFNvzB1Thv3KFUPI5u9DBBL6S9iAecUW2sKusUik7JmYjMg/sDxYt3+zx5+7QrncJHuxuzNMRIM0GVarlOor2MSs2ZwJHdThUmlA1oD1sGIxqi8rLJoCNyYJwuCWJpXqTJxP3dkdFQqWHom8qQ6r6azcbmf1kr1cGZl/EoSTVGbPpRkAqiYzLemnS5RKbF0ABlkptZCetTSZk2t7HNEdzZleehflRyj0snVadYvoSp8rAH+3AILpxCGa6hAjVggHAPj/Bk3VoP1rP1Mi3NWT89u/BH1us3KJOQLA==</latexit>

The	same	process	
can	be	applied	for	
poles	outside	the	

unit	circle.

Suppose H(z) has one zero outside the unit
circle at z = c

�⇤. Then H(z) may be written as

<latexit sha1_base64="VtBm5AP7GRwojQGPTjhaHQy7ayQ="></latexit>

same	loca*on



Matlab	Examples

Examples	in	Matlab:	
• All-pass,	single	pole	
• All-pass,	complex	conjugate	pole	pair	
• DC	blocker	
• FIR	low	pass	filter	
• IIR	low	pass	filter	

Look	at:	
• Magnitude	response	
• Phase	response	
• Group	delay	
• Pole-zero	plot	
• Impulse	response



All-Pass	Filter	
Single	Real	Pole



All-Pass	Filter	
Complex-Conjugate	Poles



DC	Blocker	
Pole	at	z=0.9



DC	Blocker	
Pole	at	z=0.7



DC	Blocker	
Pole	at	z=0.5



60	Hz	Notch	
Fs	=	500	samples/second	

Pole	radius	=	0.9	
Pole	angle	=	2pi	*	60/500



60	Hz	Notch	
Fs	=	500	samples/second	

Pole	radius	=	0.99	
Pole	angle	=	2pi	*	60/500



IIR	Low	Pass	Filter	
BuRerworth	Filter	Design	

3rd	Order	Filter



IIR	Low	Pass	Filter	
Chebyshev	Filter	Design	

3rd	Order	Filter



IIR	Low	Pass	Filter	
Ellip*c	Filter	Design	
3rd	Order	Filter



FIR	Low	Pass	Filter	
Equiripple	Filter	Design	

42	Order	Filter

linear	phase

constant	
group	delay

symmetric	
impulse	response



Generalized	Linear	Phase	Systems

∠H(f)

<latexit sha1_base64="7dhwzPbiITUnt6n60AQoV+v2jwk="></latexit>

⌧(f)

<latexit sha1_base64="kMa9tEjceFlS4r2+85I3Co5bvMY="></latexit>

input	signal	x[n]

output	signal	y[n]

Remember	this	example	of	a	non-linear	phase	system	H(z)?

H(f) = A(f)e�j2⇡f↵+j�

\H(f) = sign{A(f)}� 2⇡f↵+ �

⌧(f) = ↵ (constant)

<latexit sha1_base64="aLPOOdHXCIFUjPrffYrh8hkLlKU="></latexit>

The	three	signal	components	each	experience	different	delay.	
This	can’t	happen	with	generalized	linear	phase	systems	which	have	
constant	group	delay.

(A(f)	is	real	bipolar	func*on)



Generalized	Linear	Phase	Systems

Ideal	low	pass	filter	with	zero	phase

H(f) =

(
e
�j2⇡f↵

, |f | < fc

0, fc < |f | < 1
2

= e
�j2⇡f↵

(
1, |f | < fc

0, fc < |f | < 1
2

h[n] =
sin(2⇡fc[n� ↵])

⇡[n� ↵]

<latexit sha1_base64="22Lv68YxgyWQa9vRXc9BQYGT08I=">AAAC33icnVLLbtQwFHXCqwyvabtkYzGimkp0lIyK6KKVKth0WSSmrRSHkeO5nnHrOJHtVBq52bDpAoTY8lvs+BHWOJlB0MeKK9k6Pvfch6+dlVIYG0U/g/DO3Xv3H6w87Dx6/OTps+7q2pEpKs1gxApZ6JOMGpBCwcgKK+Gk1EDzTMJxdvau8R+fgzaiUB/svIQ0p1MluGDUemrc/XXQ55t4Yw+TDKZCOeZzmRrDR7d1OiSlwJ xQWc5o/Qpv4At+scvHDBPSiZpzg3cb1u+Ea8pcXLth3SGgJn8y7d2S62qt+H9Te+0sUWnbfSshRqj+opIPT9TWol66WbuG/EvU424vGkSt4ZsgXoIeWtrhuPuDTApW5aAsk9SYJI5KmzqqrWASfF+VgZKyMzqFxENFczCpa9+nxi89M8G80H4pi1v23whHc2PmeeaVObUzc93XkLf5ksryndQJVVYWFFsU4pXEtsDNY+OJ0MCsnHtAmRa+V8xm1I/K+i/R8UOIr1/5JjgaDuLtwev32739t8txrKDn6AXqoxi9QfvoAB2iEWIBCT4Fn4MvIQ0vw6/ht4U0DJYx6+iKhd9/A33730Q=</latexit>

H(f) =

(
1, |f | < fc

0, fc < |f | < 1
2

h[n] =
sin(2⇡fcn)

⇡n

<latexit sha1_base64="c9gAwPiqRiW9unOO2ZGQGeAGwVg=">AAACYXicbVFdS8MwFE3r5+ZX1UdfgkOZIKMdij4oiL7sUcGpsJaRZrdbWJqWJBVH7Z/0zRdf/COmdYJuXkg4Offcm5uTMOVMadd9t+yFxaXlldVafW19Y3PL2d55UEkmKXRpwhP5FBIFnAnoaqY5PKUSSBxyeAzHN2X+8RmkYom415MUgpgMBYsYJdpQfeel04yO8OEl9kMYMpFT00sV2DvGh/g1er2I+hT7ft0tzyW+KFmz+5 EkNPeKvF3UfRCDn0KjHfVEUHWsJL5iotn2U1aVi6MiL7Eo+k7DbblV4HngTUEDTeO277z5g4RmMQhNOVGq57mpDnIiNaMczBSZgpTQMRlCz0BBYlBBXjlU4APDDHCUSLOExhX7uyInsVKTODTKmOiRms2V5H+5Xqaj8yBnIs00CPp9UZRxrBNc2o0HTALVfGIAoZKZWTEdEWOMNp9SNyZ4s0+eBw/tlnfSOr07aVxdT+1YRXtoHzWRh87QFeqgW9RFFH1Yi9aGtWl92jXbsXe+pbY1rdlFf8Le+wJ1x7Ec</latexit>

Ideal	low	pass	filter	with	linear	phase

↵ = 10

<latexit sha1_base64="qG27mqutuEETVowNErZcczDnso0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoheh6MVjBfsBaSib7aZdutmE3YlQSn+GFw+KePXXePPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWibJNONNlshEd0JquBSKN1Gg5J1UcxqHkrfD0d3Mbz9xbUSiHnGc8iCmAyUiwShaye9SmQ4puSGe2ytX3Ko7B1klXk4qkKPRK391+wnLYq6QSWqM77kpBhOqUTDJp6VuZnhK2YgOuG+pojE3wWR+8pScWaVPokTbUkjm6u+JCY2NGceh7YwpDs2yNxP/8/wMo+tgIlSaIVdssSjKJMGEzP4nfaE5Qzm2hDIt7K2EDammDG1KJRuCt/zyKmldVL1a9fKhVqnf5nEU4QRO4Rw8uII63EMDmsAggWd4hTcHnRfn3flYtBacfOYY/sD5/AGk+5Aw</latexit>

fc = 0.1

<latexit sha1_base64="r4RfFnrKjzugUrZV80HAZmnvpjI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbB07IrLXoRil48VrAf0i4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXphwpo3nfTuFtfWNza3idmlnd2//oHx41NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN/O/PYTVZrF8sFMEhoIPJQsYgQbKz1GfYKukef6/XLFc7050Crxc1KBHI1++as3iEkqqDSEY627vpeYIMPKMMLptNRLNU0wGeMh7VoqsaA6yOYHT9GZVQYoipUtadBc/T2RYaH1RIS2U2Az0sveTPzP66YmugoyJpPUUEkWi6KUIxOj2fdowBQlhk8swUQxeysiI6wwMTajkg3BX355lbQuXL/q1u6rlfpNHkcRTuAUzsGHS6jDHTSgCQQEPMMrvDnKeXHenY9Fa8HJZ47hD5zPH7vyjxA=</latexit>

⌧(f) = ↵

<latexit sha1_base64="sw6LhCQEIeJyluhDBWqf0BXzDNg=">AAAB+XicbVDLSgNBEOz1GeNr1aOXwSDES9iViF6EoBePEcwDsiH0TmaTIbMPZmYDYcmfePGgiFf/xJt/4yTZgyYWNBRV3XR3+YngSjvOt7W2vrG5tV3YKe7u7R8c2kfHTRWnkrIGjUUs2z4qJnjEGpprwdqJZBj6grX80f3Mb42ZVDyOnvQkYd0QBxEPOEVtpJ5texrTcnBBbomHIhlizy45FWcOskrcnJQgR71nf3n9mKYhizQVqFTHdRLdzVBqTgWbFr1UsQTpCAesY2iEIVPdbH75lJwbpU+CWJqKNJmrvycyDJWahL7pDFEP1bI3E//zOqkObroZj5JUs4guFgWpIDomsxhIn0tGtZgYglRycyuhQ5RItQmraEJwl19eJc3LilutXD1WS7W7PI4CnMIZlMGFa6jBA9ShARTG8Ayv8GZl1ov1bn0sWtesfOYE/sD6/AHrCpKP</latexit>

⌧(f) = ↵

<latexit sha1_base64="sw6LhCQEIeJyluhDBWqf0BXzDNg=">AAAB+XicbVDLSgNBEOz1GeNr1aOXwSDES9iViF6EoBePEcwDsiH0TmaTIbMPZmYDYcmfePGgiFf/xJt/4yTZgyYWNBRV3XR3+YngSjvOt7W2vrG5tV3YKe7u7R8c2kfHTRWnkrIGjUUs2z4qJnjEGpprwdqJZBj6grX80f3Mb42ZVDyOnvQkYd0QBxEPOEVtpJ5texrTcnBBbomHIhlizy45FWcOskrcnJQgR71nf3n9mKYhizQVqFTHdRLdzVBqTgWbFr1UsQTpCAesY2iEIVPdbH75lJwbpU+CWJqKNJmrvycyDJWahL7pDFEP1bI3E//zOqkObroZj5JUs4guFgWpIDomsxhIn0tGtZgYglRycyuhQ5RItQmraEJwl19eJc3LilutXD1WS7W7PI4CnMIZlMGFa6jBA9ShARTG8Ayv8GZl1ov1bn0sWtesfOYE/sD6/AHrCpKP</latexit>



Generalized	Linear	Phase	Systems

H(f) =

(
e
�j2⇡f↵

, |f | < fc

0, fc < |f | < 1
2

= e
�j2⇡f↵

(
1, |f | < fc

0, fc < |f | < 1
2

h[n] =
sin(2⇡fc[n� ↵])

⇡[n� ↵]

<latexit sha1_base64="Gg86GWLMfThUrdqumgomdc4nENw="></latexit>

↵ = 5

<latexit sha1_base64="b9PP9angI+7zKE5eqfyJqebf/mY=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKgl6EoBePEcwDkyX0TmaTIbOzy8ysEEL+wosHRbz6N978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VZQ1aCxi1Q5QM8ElaxhuBGsnimEUCNYKRrczv/XElOaxfDDjhPkRDiQPOUVjpccuimSI5JpUe8WSW3bnIKvEy0gJMtR7xa9uP6ZpxKShArXueG5i/Akqw6lg00I31SxBOsIB61gqMWLan8wvnpIzq/RJGCtb0pC5+ntigpHW4yiwnRGaoV72ZuJ/Xic14ZU/4TJJDZN0sShMBTExmb1P+lwxasTYEqSK21sJHaJCamxIBRuCt/zyKmlelL1KuXpfKdVusjjycAKncA4eXEIN7qAODaAg4Rle4c3Rzovz7nwsWnNONnMMf+B8/gA6RY/6</latexit>

↵ = 4.5

<latexit sha1_base64="ih5FBONRxe9qtrRwupt+4uaJtn8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoheh6MVjBfsBTSiT7aZdutmE3Y1QSv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZF6aCa+O6305hbX1jc6u4XdrZ3ds/KB8etXSSKcqaNBGJ6oSomeCSNQ03gnVSxTAOBWuHo7uZ335iSvNEPppxyoIYB5JHnKKxku+jSIdIbkitetkrV9yqOwdZJV5OKpCj0St/+f2EZjGThgrUuuu5qQkmqAyngk1LfqZZinSEA9a1VGLMdDCZ3zwlZ1bpkyhRtqQhc/X3xARjrcdxaDtjNEO97M3E/7xuZqLrYMJlmhkm6WJRlAliEjILgPS5YtSIsSVIFbe3EjpEhdTYmEo2BG/55VXSuqh6NrGHWqV+m8dRhBM4hXPw4ArqcA8NaAKFFJ7hFd6czHlx3p2PRWvByWeO4Q+czx8fHpBw</latexit>

↵ = 4.3

<latexit sha1_base64="i8KV5FFmIqS6qxzlZDsU3HQ/Ob4=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0i0oheh6MVjBfsBTSib7aZdutksuxuhhP4NLx4U8eqf8ea/cdvmoNUHA4/3ZpiZF0nOtPG8L6e0srq2vlHerGxt7+zuVfcP2jrNFKEtkvJUdSOsKWeCtgwznHalojiJOO1E49uZ33mkSrNUPJiJpGGCh4LFjGBjpSDAXI4wukZ197xfrXmuNwf6S/yC1KBAs1/9DAYpyRIqDOFY657vSRPmWBlGOJ1WgkxTickYD2nPUoETqsN8fvMUnVhlgOJU2RIGzdWfEzlOtJ4kke1MsBnpZW8m/uf1MhNfhTkTMjNUkMWiOOPIpGgWABowRYnhE0swUczeisgIK0yMjaliQ/CXX/5L2meuX3cv7uu1xk0RRxmO4BhOwYdLaMAdNKEFBCQ8wQu8Opnz7Lw574vWklPMHMIvOB/fHBaQbg==</latexit>

even	
symmetry

even	
symmetry

no	
symmetry



Generalized	Linear	Phase	Systems:	Four	Interes*ng	Cases

Type Symmetry Order M b, A(f)

1 h[n] = h[M-n]

even about a=M/2 

M = even

a = int

b = 0 or pi

A(f) real & even

2 h[n] = h[M-n]

even about a=M/2

M = odd

a = int + 0.5

b = 0 or pi

A(f) real & even

3 h[n] = -h[M-n]

odd about a=M/2

M = even

a = int

b = pi/2 or 3pi/2

A(f) real & odd

4 h[n] = -h[M-n]

odd about a=M/2

M = odd

a = int + 0.5

b = pi/2 or 3pi/2

A(f) real & odd

Impulse	response:		
h[n]	,	n	=	0,	1,	2,	…,	M,						

length	=	M+1

H(f) = A(f)e�j2⇡f↵+j�

\H(f) = sign{A(f)}� 2⇡f↵+ �

⌧(f) = ↵ (constant)

<latexit sha1_base64="aLPOOdHXCIFUjPrffYrh8hkLlKU="></latexit>



What	is	the	z-transform?

Type	1:		M=even,	h[n]=even

Type	2:		M=odd,	h[n]=even

Type	3:		M=even,	h[n]=odd

Type	4:		M=odd,	h[n]=odd



All	these	systems	have	linear	phase	and	constant	group	delay

Type	1:		
M=even,	
h[n]=even

Type	2:		
M=odd,	
h[n]=even

Type	3:		
M=even,	
h[n]=odd

Type	4:		
M=odd,	
h[n]=odd

(any	kind	of	filter)

(bandpass	filter,	Hilbert	transformer)

(low	pass	filter)

(high	pass	filter,	differen*ator)



Roots	of	Real	Polynomials

Generalized	linear	phase	systems	are:	(1)	FIR	and	(2)	symmetric	(even	or	odd).

H(z) =
MX

n=0

h[n]z�n = h[0] + h[1]z�1 + h[2]z�2 + · · ·+ h[M ]z�M

<latexit sha1_base64="QOgJ7ZQrdfNCUeTeHuJzFmepT38="></latexit>

z, z⇤, z�1, z�⇤ $ general location

z, z⇤ $ unit circle

z, z�1 $ real line

±1 $ alone

<latexit sha1_base64="rllJNBGWGvDQndd6O/gz+t3p09Y=">AAAC53icjVJNbxMxEPVuC7ThKy1HLlYjEIcS7aIieqzKhWORSFspG6JZ72xi1Wsv9iw0WeUPcOEAQlz5S73xZ6p6kyCg5ZCRLD+/mTf2s52WSjqKol9BuLZ+6/adjc3W3Xv3Hzxsb20fO1NZgT1hlLGnKThUUmOPJCk8LS1CkSo8Sc9eN/mTj2idNPodTUocFDDSMpcCyFPD9uV0d/o+AUd+qp/Hs/nUrGf8KU8+VJDxRGFOVo 7GBNaaT79ZwnOqR6jRguLKLBrOeJK0prt80XOlFpWWxIW0QuEfdXOUldTeq9/dm59rk7Lg8Uo6UMZrWsN2J+pG8+A3QbwEHbaMo2H7IsmMqArUJBQ414+jkgY1WJKNgVZSOSxBnMEI+x5qKNAN6vk7zfgTz2Q8N9YP7U037N+KGgrnJkXqKwugsbuea8j/5foV5fuDWuqyItRisVFeKU6GN4/OM2lRkJp4AMJKf1YuxmBBkP8azSXE1y3fBMcvuvFe9+Xbvc7B4fI6NthjtsOesZi9YgfsDTtiPSaCLPgcfA2+hTL8En4PfyxKw2CpecT+ifDnFZW26nk=</latexit>

Zero	loca*ons	have	special	structure	due	
to	real	coefficients	 	and	symmetry.h[n]

All	poles	are	at	the	origin.

unit	circle	
pair

four	
tuple

alone

real	axis	
pair

alone
No*ce	that	none	of	these	FIR	
systems	is	minimum	phase.



The	End

Now	let’s	go	design	some	filters!


