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sampling

x(t) × impulse train
to sequence

y[n]
w(t)

p(t) =

∞∑
n=−∞

δ(t− nT )

• goal of sampling: y[n] = x(nT )

• sample rate: Fs = 1/T [samples/second]

w(t) = x(t)p(t) = x(t)

∞∑
n=−∞

δ(t− nT ) =

∞∑
n=−∞

x(nT )δ(t− nT )

=

∞∑
n=−∞

y[n]δ(t− nT )
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CTFT of periodic signals: by example

p(t) =

∞∑
n=−∞

δ(t− nT ) =

∞∑
k=−∞

Pke
j2π kT t expand in CTFS

Pk =
1

T

∫ T

0

p(t)e−j2π
k
T tdt =

1

T

∫ T−

0−
δ(t)e−j2π

k
T tdt =

1

T

Now invoke linearity of CTFT and CTFT pair ej2πF0t ↔ δ(F − F0):

p(t) =
1

T

∞∑
k=−∞

ej2π
k
T t

P (F ) =
1

T

∞∑
k=−∞

δ

(
F − k

T

)
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math of sampling

w(t) = x(t)p(t) =

∞∑
n=−∞

y[n]δ(t− nT )

W (F ) = X(F ) ∗ P (F ) =
1

T

∞∑
k=−∞

X

(
F − k

T

)
CTFT of x(t)p(t)

=

∫ ∞
−∞

∞∑
n=−∞

y[n]δ(t− nT )e−j2πFtdt CTFT of
∑
n

y[n]δ(t− nT )

=

∞∑
n=−∞

y[n]

∫ ∞
−∞

δ(t− nT )e−j2πFtdt

=

∞∑
n=−∞

y[n]e−j2πFTn = Y (FT )

Y (f) =
1

T

∞∑
k=−∞

X

(
f − k
T

)
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summary

x(t)

X(F )
× impulse train

to sequence

y[n]

Y (f)

w(t)

W (F )

p(t) =

∞∑
n=−∞

δ(t− nT ) ←→ P (F ) =
1

T

∞∑
k=−∞

δ

(
F − k

T

)

x(t) A/D y[n]

aliasing formula: W (F ) =
1

T

∞∑
k=−∞

X

(
F − k

T

)

sampling formula: Y (f) =
1

T

∞∑
k=−∞

X

(
f − k
T

)
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graphical approach

F
X(F )

−3
T

−2
T

−1
T

0
T

1
T

2
T

3
T

1 Fm

F
P (F )

−3
T

1
T

−2
T

1
T

−1
T

1
T

0
T

1
T

1
T

1
T

2
T

1
T

3
T

1
T

F
W (F )

−3
T

1
T

−2
T

1
T

−1
T

1
T

0
T

1
T

1
T

1
T

2
T

1
T

3
T

1
T

f
Y (f)

−3

1
T

−2

1
T

−1

1
T

0

1
T

1

1
T

2

1
T

3

1
T

fm = FmT

5



graphical approach
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down sampling

x[n] × impulse train
to sequence

y[m]
w[n]

p[n] =

∞∑
m=−∞

δ[n−mN ]

• goal of down sampling: y[m] = x[mN ]

• sample rate: fs = 1/N [samples/sample]

w[n] = x[n]p[n] = x[n]

∞∑
m=−∞

δ[n−mT ] =

∞∑
n=−∞

x[mN ]δ[n−mN ]

=

∞∑
n=−∞

y[m]δ[n−mN ]
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DTFT of periodic signals: by example

p[n] =

∞∑
m=−∞

δ[n−mN ] =

N∑
k=0

Pke
j2π kNn expand in DTFS

Pk =
1

N

N∑
n=0

p[n]e−j2π
k
Nn =

1

N

N∑
n=0

δ[n]e−j2π
k
Nn =

1

N

Now invoke linearity of DTFT and DTFT pair ej2πf0t ↔
∑
l δ(f − f0 − l):

p[n] =
1

N

N∑
k=0

ej2π
k
Nn

P (f) =
1

N

N∑
k=0

∞∑
l=−∞

δ

(
f − k

N
− l
)
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math of down sampling

w[n] = x[n]p[n] =

∞∑
m=−∞

y[m]δ[n−mN ]

W (f) = X(f) ~ P (f) =
1

N

N∑
k=0

X

(
f − k

N

)
DTFT of x[n]p[n]

=

∞∑
n=−∞

∞∑
m=−∞

y[m]δ[n−mN ]e−j2πfndt DTFT of
∑
m

y[m]δ[n−mN ]

=

∞∑
m=−∞

y[m]

∞∑
n=−∞

δ[n−mN ]e−j2πfn

=

∞∑
m=−∞

y[m]e−j2πfNm = Y (fN)

Y (f ′) =
1

N

N∑
k=0

X

(
f ′ − k
N

)
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summary

x[n]

X(f)
× impulse train

to sequence

y[m]

Y (f ′)

w[n]

W (f)

p[n] =

∞∑
m=−∞

δ[n−mN ] ↔ P (f) =
1

N

N−1∑
m=0

∞∑
k=−∞

δ
(
f − m

N
− k
)

x[n] ↓ N y[n]

aliasing formula: W (f) =
1

N

N−1∑
k=0

X

(
f − k

N

)

down sampling formula: Y (f ′) =
1

N

N−1∑
k=0

X

(
f ′ − k
N

)
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graphical approach
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graphical approach

ω
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reconstruction

x[n]
sequence to

impulse train
low pass filter
h(t)↔ H(F )

y(t)
w(t)

• goal of reconstruction: synthesize low-pass signal y(t) that agrees with x[n] at
the sample times, y(nT ) = x[n]

• reconstruction rate: Fs = 1/T [samples/second]

w(t) =

∞∑
n=−∞

x[n]δ(t− nT )

W (F ) =

∫ ∞
−∞

w(t)e−j2πFtdt =

∞∑
n=−∞

x[n]

∫ ∞
−∞

δ(t− nT )e−j2πFtdt

=

∞∑
n=−∞

x[n]e−j2πFTn = X(FT ) (scale frequency axis)
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reconstruction

• apply low pass filter to remove images

• assume ideal low pass filter

H(F ) =

{
T, |F | ≤ 1

2T = Fs
2

0, otherwise
←→ h(t) =

sin
(
πt
T

)
πt
T

y(t) = h(t) ∗ w(t) =

∞∑
n=−∞

x[n]h(t− nT )

Y (F ) =

{
X(FT ), |F | ≤ 1

2T = Fs
2 ,

0, otherwise
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reconstruction summary

x[n]

X(f)

sequence to
impulse train

low pass filter
h(t)↔ H(F )

y(t)

Y (F )

w(t)

W (F )

x[n] D/A y(t)

imaging formula: W (F ) = X(FT ) = X

(
F

Fs

)

LPF to remove images: Y (F ) =

{
X(FT ) = X

(
F
Fs

)
, |F | ≤ 1

2T = Fs
2 ,

0, otherwise
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graphical approach to reconstruction
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graphical approach to reconstruction
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up sampling

x[n]
sequence to

impulse train
low pass filter
h[n]↔ H(f)

y[n]
w[n]

• goal of up sampling: synthesize low-pass signal y[n] that agrees with x[n] at the
sample times, y[nN ] = x[n]

• reconstruction rate: fs = 1/N [samples/sample]

w[n] =

∞∑
m=−∞

x[m]δ[n−mN ]

W (f) =

∞∑
n=−∞

w[n]e−j2πfn =

∞∑
m=−∞

x[m]

∞∑
n=−∞

δ[n−mN ]e−j2πfn

=
∞∑

m=−∞
x[m]e−j2πfNm = X(fN) (scale frequency axis)
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up sampling

• apply low pass filter to remove images

• assume ideal low pass filter

H(f) =

{
N, |f | ≤ 1

2N = fs
2

0, otherwise
←→ h[n] =

sin
(
πn
N

)
πn
N

y[n] = h[n] ∗ w[n] =

∞∑
m=−∞

x[m]h[n−mN ]

Y (f) =

{
X(fN), |f | ≤ 1

2N = fs
2 ,

0, otherwise
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up sampling summary

x[n]

X(f)

sequence to
impulse train

low pass filter
h[n]↔ H(f)

y[n]

Y (f)

w[n]

W (f)

x[n] ↑ N LPF y[n]
w[n]

imaging formula: W (f) = X(fN) = X

(
f

fs

)

LPF to remove images: Y (f) =

{
X(fN) = X

(
f
fs

)
, |f | ≤ 1

2N = fs
2 ,

0, otherwise
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graphical approach to up sampling
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graphical approach to upsampling
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