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sampling

w(t) impulse train
z(t) <X> 1 to sequence yln

p(t) = > &(t—nT)

n=—oo

e goal of sampling: y[n] = z(nT)

e sample rate: F; = 1/T [samples/second]

w(t) =z(t)p(t) ==(t) Y  dt—nT)= Y a(nI)s(t—nT)
= ) ylnls(t —nT)

n=——oo



CTFT of periodic signals: by example

Z o(t —nT) Z b 2Tt expand in CTFS

N=—00 k=—o00

P, =~ / ) (12 tgy — " S(t)e= 2ty —
- — e . e —
S T J, T

Now invoke linearity of CTFT and CTFT pair e/2™0! ¢ §(F — Fy):

oo

1 ok
- E 7274t
p(t) _ T € T

k=—o00

oo

P(F):% > 5<F—§>

k=—o00



math of sampling

w(t) = Z yn|o(t —nT)
1 < k
W(F)=X(F)xP(F)= ?k_z_ooX (F — ?> CTFT of z(t)p(t)
= / Z 5(t —nT)e 7™ dt  CTFT of > y[n]s(t — nT)
= Z y[n] /_ 5(t —nT)e 72 qt

nN=——~oo



summary

(t) ——|A/D —— y[n

() w(t) | impulse train y[n]

X(F) \T/ W(F) to sequence Y(f)

pt)= 3 ot —nT) P(F):% 3y 5(1:_;)

n=-—oc k=—o0

- k
aliasing formula: W(F) = = Z X (F — _>

sampling formula: Y (f) = 1 Z X (%)

k=—o00



graphical approach
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graphical approach
1

3
& -5
~I~ - &
& - &
5
& - 5
S
=I5 o
=
I B
=
—I& o




down sampling

2l —@ w|n| | impulse train i)
| to sequence 4

pln] = > bn—mN]

m=—0oco

e goal of down sampling: y[m| = x[mN]

e sample rate: fs = 1/N [samples/sample]

wln| = x|n]p[n] = x[n] Z on —mT| = Z x[mN|§[n — mN]



DTFT of periodic signals: by example

00 N
pln| = Z dn —mN| = ZPkej%%” expand in DTFS

m=—0o0 k=0

1 N k 1 k 1
_ — 12T RN —912TRn
P, = Nngzop[n]e JETN™ — —nE:()&[n]e JETNT = —

Now invoke linearity of DTFT and DTFT pair /270t «» S §(f — fo — 1):



math of down sampling

o

win] = alnlpln] = > ylmlsln —mN]

m—=—oo

W(H =X &P =YX (£ ) DTFT of afulpfn

o0 oo

= > Y y[mld[n —mN]e >/ "dt  DTFT of » " y[m]é[n — mN]

oo o

— Z y|m)| Z 5[n—mN]e_j27Tf”

m=—o0 n=-—00

= ) ylmle PN =Y (fN)

m—=—oo




summary

2] —— T N —— y[n

z[n| :/>'<\ w|n] X impulse train g{[m]
XG) N W) o seauenee Y (f)
pinl= Y dn-mN] o P(=<> > o(r- k)

N-1 .
aliasing formula: W (f) = X (f — _>

N-1 ok
down sampling formula: Y (f') = X ( >



graphical approach
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graphical approach

27 27
N N
— 17

1 1
N N

2|=

O

—1

z|=

17

2T

©wy = wolN



reconstruction

2[n] sequence to w(t) | low pass filter ()
impulse train | h(t) < H(F) J

e goal of reconstruction: synthesize low-pass signal y(t) that agrees with z[n| at
the sample times, y(nT) = z[n|

e reconstruction rate: Fy; = 1/T [samples/second]

w(t) = Y z[n]é(t —nT)
W(F) = /_OO w(t)e 72T = Z x|n] /_OO 5(t —nT)e 72 qt

Z x[n]e 2™ EI = X (FT) (scale frequency axis)

n=—oo



reconstruction

e apply low pass filter to remove images

e assume ideal low pass filter

T, |F|<sm:=%

0, otherwise

2

y(t) = h(t)xw(t) = )  an]h(t —nT)

n=—oo

0, otherwise

Y(F) = {X<FT>7 Fl<t -

Fs

29



reconstruction summary

z[n] ——|D/AF——y(1)

z(n| sequence to w(t) | low pass filter y(?)
X(f) impulse train W(F)V h(t) <> H(F) Y (F)

F
imaging formula: W(F) = X(FT)=X F)

LPF to remove images:
0, otherwise



graphical approach to reconstruction
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graphical approach to reconstruction
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up sampling

sequence to

zln] — impulse train

wln]

low pass filter

o
>

hin] < H(f)

— y[n]

e goal of up sampling: synthesize low-pass signal y|n| that agrees with x[n] at the

sample times, y[nN| = x|n]

e reconstruction rate: f; = 1/N [samples/sample]

m=—0oco

o

2.

m—=—oo

Z x[m]e T2 IN™ — X (fN)

x|m] Z 6[n — mN]e 2™/

n——oo

(scale frequency axis)



up sampling

e apply low pass filter to remove images

e assume ideal low pass filter

0, otherwise

1 _fs in (Z2
H(f)‘{N’ NSaw =% = F

y[n] = h[n] x win| = Z x|m]hin — mN]

m=—oo

Y(f)= {X<fN>7 fl<ar =%

0, otherwise



up sampling summary

zln] ——| TN | LPF —— y(n]
z|n] sequence to w(n] | low pass filter y[n]
X(f) impulse train W(f) hin] < H(f) YI (f)

imaging formula: W (f) = X(fN)=X i)

LPF to remove images:
0, otherwise



graphical approach to up sampling
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graphical approach to upsampling
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