Discrete- Time Fourier
Transform

ECE 3640 Discrete-Time Signals and Systems
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frequency: aperiodic

time: continuous

frequency: periodic

time: discrete

Family of Fourier Transforms

frequency: continuous

time: aperiodic

frequency: discrete

time: periodic

r(t) = /_ h X(F)e?™tdF

X(F) = /OO r(t)e 72 dt

CTFT

DTFEFT
vl = [ X(f)erm "
X(f)y=3 afnle2in

z(t)= Y X[kle! T

k=—o00
1 % __ s 2mkt
Xk] = T/ x(t)e 7 T dt
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CTFS

DTFS/DFT/FFT

Xk] = % Z x[n]e_j%f\?n




frequency: aperiodic

time: continuous

frequency: periodic

time: discrete

Family of Fourier Transforms

frequency: continuous

time: aperiodic

frequency: discrete

time: periodic

x(t) = /_ T X(F)ePF R z(t) =

k=—o00
X(F) = [ a(erar Xt =5 [ e a
CTFT CTFS
DTET DTFS/DFT/FFT
1 N—-1 .
zln] = | X(f)e?*/m =) X[k]e/™N
—3 k=0
= ; 1 &= :
_ —32mfn - . -27an
X(f) = nzz_oox[n]e X[k] = N nZ:O x|nle™’

i X[k]ej%kt




DTFT is Periodic with Period 1

DFTF synthesis formula r[n] = X(f)e? ™ fn

o
DFTF analysis formula X(f) _ Z x[n]e—jQan

The DTFEFT is periodic with period 1.
X(f+1) = Zaz[n]e_j%(fﬂ)”
_ Z x[n]e—j%rfne—j%rn

= alnle I = X(f)

In general, we have X (f + k) = X(f) for any integer k.



DTFT is Periodic with Period 1

The DTFT is periodic with period 1.

f [cycles/sample]

zin] = 08"uln| +— X(f) = 1 — 0.8e—J27f

Due to periodicity,

we usually only plot

one period of X(f).
But don’t forget
that it’s really a

periodic function.
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f [cycles/sample] f [cycles/sample]




Periodicity of DTFT Explains Frequency Aliasing

Frequency = 0.10, Alias = 0.10
1 | |
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cos(2nfon) = o3 8(f —fo— k)5 387+ fo— b
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DTFT Frequency Variable

)= [ X(f)eiings

1
2

X(f)=3 alples2min

n=——aoo

1 [" —
x|n] = %/ X (w)e?“"dw

X(w) = Z m[n]e_j“m

n=——~oo

f
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lcycles/sample]
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Derive DTFT by Convolution

Consider an LTI system with impulse response h|n].
Compute the output when the input is z[n] = €727/,

> hlk]z[n — K

k=—o00

_ Z h[k]ejQﬂ'f(n—k)

k=—o0

= ( Z h[k]ej%fk)) el 2mfn

k=—o0

y[n|

H(f)er?r I

0

Z h[k]e—jZﬂ'fk’

k=—o0

=
=
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Derive DTFT by Convolution

Consider an LTI system with impulse response h|n].
Compute the output when the input is z[n] = €727/,

©.@)
y[n] — Z h[k]:l? [n — k] Eigenfunction property of LTI systems
k=—o0 .
- et (il #r)e
_ Z h[k]ej%rf(n—k)
k=—o0
>0 H(f) gives the response
—92nfk 2
— ( Z h[k]e jant )> el2mIm of the system when the
k=—o00 input is an everlasting
B jom fn complex exponential at
=H (f )6 frequency f.
©.@)
H(f) _ Z h[k]e—j%rfk LTT system only modifies
y the magnitude and phase
=—00

of an everlasting complex
exponential input.

H(f) is the DTFT of the impulse response h|n].
H(f) is called the frequency response.
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H(f) describes how everlasting complex exponentials
are modified as a function of their frequencies.
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LTI System Responses

Frequency Response Impulse Response

H(f) = |H(f)]e? 7D hin]

The impulse response h|n| describes how the system modifies an impulse §|n|.

For a general input z|n|, decompose into linear combinations of train of delayed
deltas

z[n] = x[k]6[n — k]
k
and by LTI properties, the output is

yln] =Y a[klh[n — k] = x[n] * h[n).
k



LTI System Responses

Frequency Response Impulse Response

H(f) = |H(f)]e?“HW) hn]

Frequency response H(f) describes how the system modifies a pure frequency
eI?2™In  _s50 < n < 0o. The output is given by the product of the input and
the frequency response. For general inputs z|[n|, use DTFT to decompose into
linear combinations of pure frequencies

oli) = [ X(perinas
X(f) = ¥ afple-72mn

and by LTT properties, the output is Y (f) = X(f) - H(f).
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DTFT Pairs, Properties, Symmetries

Students should be able to understand, derive, and apply:
e DTFT pairs in Table 3.1 (page 135)

e DTFT symmetries in Table 3.2 & 3.3 (page 142 & 143)
e DTFT properties in Table 3.5 (page 189)

Note: Tables and page numbers are for the book “Digital Signal
Processing: Principles and Applications” by Thomas Holton,

Cambridge, 2021.



DTFT Pairs: Absolutely Summable Sequences

©.@)
Z z|n|| < oo
n——oo
oln.
on—k
<(2A%%17 '—fViS’nfE-AC
\ 0, otherwise,
(
1
) N-+1° ()f;7lf;fV,
0, otherwise,

\

n

a"(u[n] —u[n — NJ)

a”un|

(absolutely summable)

I 1]

]

!

1

€—j2ﬂk

sin(mf(2N + 1))
(2N + 1) sin(7 f)

—JrfN

f
sin(7 f (N + 1))
(N + 1) sin(7m )

e DTFT sum converges uniformly to a continuous and differentiable function
e Compute DTFT by plugging into analysis formula



DTFT Pairs: Energy Sequences

©.@)
> zn]l? < oo
n=-—o0
sin(27wbn)
—
™
<(%’ n=_0 —
\ (;717)27;;17 L # 0
!0, n=0
\ 1_5r_nl)n’ n # 0

(square summable, finite energy)

,

L, [fl<0 .

1 ideal low pass filter
0, b<|fl <3
1 . .

‘f ‘7 |f | < 5 proportional gain filter
¥ L < <0

4 , 2 - 1 Hilbert transformer
\_]7 0 S f S D)

e DTFT sum converges in mean square sense

e DTFT may exhibit discontinuities

e Partial DTFT sum exhibits GGibbs phenomena around discontinuities
e Compute inverse DTEFT by plugging into synthesis formula



DTFT Pairs: Power/Periodic Sequences

N
1
A}i_r)rloo SN 1 Z z[n]]? < oo (finite power)

n—-—

gl 2mon — i 5(f — fo—k)

k=—o0

cos(2 fon) — o Y 6(f = fo—k)+0(f+ fo—Fk)
Lk

sin(27 fon) — — | 8(f = fo—k)=(f+ fo— k)
27 B

1 = Y M(f—k)

e DTFT sum does not converge for some frequencies, gives rise to Dirac delta functions

e DTFT contains Dirac delta functions
e Compute inverse DTFT by plugging into synthesis formula




DTFT Pairs: Power/Periodic Sequences

e For periodic signals, expand in Fourier series (DTFS)
e Compute DTFT using DTFT properties such as convolution formula



> h[n)e7 ™" = H(f)

N
lim h[nle 72" = H(f)
N —00

Given € > 0, there exists IV such that

k
H(f)— Z h[nle 72" < ¢ for all k> N.

n=—k

Z hlnle 72" < ¢ for all k > N

n:|n|>k

Not much to accumulate in the tails of h|n|.

This is point wise convergence for each f.



DTFT Convergence

Suppose h|n] is absolutely summable.

> |hn]| =L <
N
Jm > |nnl =L

Given € > 0, there exists IV such that

k
L — Z |h|n]|| < e,for all k> N.

n=—k

Z |hin]| < e, forall k > N

n:|n|>k

Z h[n]e72mIM| < Z |h|n]| < e,for all kK > N

n:n|>k n:|n|>k

Absolute summability is a sufficient condition for DTFT convergence.



DTFT Convergence

O

> |h[n]P =L <

n=——oo

finite energy implies convergence in the mean-square sense:

2
1

N
lim H(f)— » hlnle >/ df =0

N — 00 0
n=—N

the energy in the error goes to zero



Complex Numbers

Computing real and imaginary parts

z=a+ 7b
p=z2F :
¢ +tjb=a—jb one complex equation same
----- prmnnn ey as two real equations
a=aq 5
b=—-b=0:

---------------------

Therefore z = z* = 2z is real.

Similarly, z = —2® = z is pure imaginary.



Complex Numbers

Computing real and imaginary parts

z=a-+ jb
1 . 1 . .
§(z—|—z ):§(a+]b+a—]b):a

1 1
(=) =5 atjb—atjb) =}



DTFT Symmetry Example

—0.5 0 0.5
1 x
/I X (_f )
: .O‘ .‘7 | | f
—0.5 0 0.5
Taking the real part in the
time domain of a complex
signal produces the
. Hermitian part in the
(X X*(— frequency domain.
5 (X () +X7(=1)

1 1 Reversing this process uses
S92 2 the Hilbert transform.
A LN\ .



DTFT Symmetry Properties

real x|n] = x*|n] +— X(f)=X"(—f) Hermitian
Hermitian x[n] = z*|—n — X(f)=X*(f) real
imaginary x|n| = —x*|n] +— X(f)=—-X*"(—f) Anti-Hermitian
Anti-Hermitian z[n| = —z*[-n] <+— X(f)=-X*(f) imaginary
even x[n| = x[—n — X(f)=X(—f) even
odd z[n]=-z|-n] <+— X(f)=-X(—f) odd

Hermitian

X(f)=X*"(—f) {Xr(f) = X, (—f) real part is even
<~

X;(f) = —-X;(—f) imaginary part is odd

X(f)=X*(—-f) {X(f) = | X (—f) magnitude is even
<

Hermitian

/X(f)=—242X(—f) phase is odd



DTFT Symmetry Example

Music signal is real, spectrum exhibits Hermitian symmetry

50 | | | | l l l l l l l
- Magnitude (shown) is even

*" Phase (not shown) is odd
20 —

Real part is even .
Imaginary part is odd
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Radio signal is complex, spectrum exhibits no symmetry
| I | | | | | |

Magnitude [dB]
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This is the FM band (88-108 MHz) in Logan, Utah.



DTFT Symmetry Example

Two-Way Decompositions of a Sequence

even and Le V]| 1 1 l _ L [TL] _
odd parts _CCO n ] B 2 _1 o 1_ _QE‘[—’TL]_
real and _ Ly [Tl] _ — l _ 1 1 a:’[n]
imaginary parts ] ] X [n] - 2 i o 1 _QL‘ " [n]_
Hermitian and _ Lh [TL] _ _ 1 _ 1 | L [n] -
Anti-Hermitian parts _ ] Ta [n]_ - ) I — 1_ _CU* [—Tl]_

Four-Way Decomposition of a Sequence

Tre N 1 1 1 x|n]
zromn] | 111 -1 1 —=1| [x[—n]
jzieln]| 4|1 1 =1 —=1| | x*[n]
JTioln) 1 -1 -1 1] |z*[-n]

Can apply four-way decomposition to X (f) too.



DTFT Symmetry Example

DTET transtorms four parts independently

Trelnt] +  Tpoln]  + JTieln| A+ JTion

| i el

Xre(f) + Xoolf) + JXie(f) +  3Xi(f)

Given two real signals z|n| = z.[n| + x,[n] and y|n| = ye|n] + yo|n|, pack
zIn] = x[n| + jy[n| and transform to Z(f). The transforms X (f) and Y (f) can
be extracted by unpacking the four-way decomposition.

Le [n] + Lo [n] + JYe [n] + IYo [n]



DTFT Symmetry Example

Suppose the impulse response h|n| is real valued.
What is the output for input cos(27 fon + ¢), —o0 < n < oo,

lej(QWfon-HO) i le—j(Qﬁfon-i-SO)

x|n] = cos(2m fon + ) = 5 5

By linearity we have

1

y[n] = %H(f )63(27rfon+so) 4 H( fo)e —j (27 fon+¢)

— %|H(f0)|€j(27rfon-|—90—|-4H(fo)) 4+ 5|H(_fo)|69‘(—27rfon—so+4H(—fo))

Because h|n] is real H(fy) = H*(—fp). Then

|H(—fo)| = |H(fo)]
H(—fo) = —ZH(fo)

y[n] = |H( f0)|l (ej(27rfon+cp+4H(fo)) i e—j(27ffon+90+4H(fo)))
2

= [H(fo)|cos (2 fon + ¢ + ZH(fo))

Everlasting real sinusoids are eigenfunctions of LTI systems with real impulse response.



DTFT Property Example

—j327 fd

=
=,
ol
==

€

Delay in the time domain leads to multiplication by a
complex exponential in the frequency domain.

Non-causal zero-phase
moving average filter

)

Causal linear-phase

)
1
 2N+1° —N <n<N, , SlIl(7Tf(2N + )) moving average filter
\O, otherwise, (2N + 1) sin(7w f)
Fy /
INL17 0<n< 2N7 SlIl(7Tf(2N + )) —j27rfN
4 . —
0, otherwise, (2N + )Sm(wf)

\



DTFT Property Example

N M
Z alklyin — k] = Z bim]z[n — m]
- 2.
N k=0 o
(Za[k]ej%fk) Y (f) = (Z b[m]eﬂwfm) X(f)
k=0 k=0
MO B e
HU=x = UL st deseribed
N
A(f) = Z a[k]e_jzﬁfk
k=0



DTFT Convolution Property

zn] <— X(f) hin] <—  H(f)

yln] = wln] « hin] = 3 hlkleln — K
V(f) =S yinle " =35 hikfaln — kle 7>

= hlk]» xn—kle " m=n—k n=m+k
k n

_ (Z h[k,]ej%rfk) _ (Zx[m]ej%rfm)



DTFT Multiplication Property

zn] <— X(f) hin] <—  H(f)

yln| = x[n] - h[n]

Y(f) =) ylnle™?" =3 hnla[n]e 72"
— Z h|n| </0 X()\)eﬂ”)‘”d}) g J2min
- / 1 (Z h[n]eﬂ”(f/\)”dA) X (N)dX

— /1 H(f —ANX(\)dA (periodic convolution)
0
= H(f) ® X(

f)

z[n] - hin] «— X(f) ® H(f)



Important DTFT Properties

Convolution Property Multiplication Property
zn| x hin] < X(f) - H(f) zn] - hin] < X(f) ® H(f)

Filtering (spectral shaping, Windowing and spectral

spectral shaving, etc.) leakage

Mix with sinusoids for spectral
shifting (modulation and
demodulation)

Mix with impulse train for
sampling, upsampling,
downsampling, sample rate
conversion



Important DTFT Properties: Hilbert Transform

......................... imaginary_odd e 4 B
: 9, 0.0 < f <0

| 4 —7, 0< f<0.5
-0 0,005 d =0
1—(=1)" 2 W
]’L[’I’L]Z — 707__707__707_707_707'
™ ST mm 3w
"~ real-odd
cos(2m fon) = 1<ﬁ3~7'27”00” + 163_*7'27”0” 90
° 2 2 orformsS
h\n\ Shlﬁ)
hase
T T degree P
_ 05 0 0 5f Hilbert transform
1 1. cos(2m fon) 2327 fon
Siﬂ(27’(’f0’ﬂ) ? 2_j€J27rf0n _ Q_je—jQan ‘ +i
f sin(27 fon)
~0.5 0 0.5 | |
i S{n] + jhln] > 1+jH(f) = 25(1”)
el2mIon — cos(27 fon) + j sin(27 fon) 2
| | T L —0.5 0 705
—0.5 0 0.5

The Hilbert transform
removes negative frequencies.



DTFT Properties: Hilbert Transform

, —1, —-05<f<0
. ' ~f  JH(f) =
—0.5 0 0.5 +1, 0< <05

x|n] = x*[n] (real) < X(f)=X"(—f) (Hermitian)

X(f) 1
_05 ~6\~_',' 0. gf Hilbert transform
x|n] x[n] + jhn] * x[n]
: 1 -
JH(f)X(f) \ * *J
, o~ Aln] * 2l
—0.5 "0 0.5

05 0 7o'

Applications: Single sideband modulation, audio effects, ...



DTFT Properties: Double Side-Band Modulation

1
AN
0.5 0’ o
> : SO0 = fo) + 307 + fo
T2 T§ 9 (f f0)+2 I 0
0.5 i 0 O'Ef

z[n] a?—» y[n] = z[n] cos(2w fon)

cos(2m fon)

Bandwidth of modulated signal is twice
the bandwidth of the baseband signal.



DTFT Properties: Single Side-Band Modulation

N X(f)
—0.5 0 oo .* Ol.éf
|\2 B(f) =2U(f)X(f)
—0.5 0 os!
Tl o(f — fo)
. L
—0.5 —fo 0 £ 0.5
K C(f) =B(f = fo)
~05 —Jo 0 fose..’ Oigf
; 1 Y(f) = 3 (C() + (1)
i‘. [N 2
—0.5 —Jo 0 fose_.r 0.5
. Bandwidth of
z[n] Hibert frans modulated signal equal

did

€j27rf0n

to bandwidth of
baseband signal.



DTFT Properties: Equivalent Block Diagrams

Hilbert trans.

Mod.
xrn + n
" .{gb[n]’?m’-_’ v

el 2T fon

Real { (b + jb;)(c+js)} =b,-c—b; - s

cos(2m fon)

z[n] .@% D yln]
Hﬁ

—sin(27 fon)

Work through spectral
plots to show equivalence
of these two systems.



DTFT Properties: Frequencies that Avoid Overlap

1
. X(f)
—0.5 0" e’ 05!
%4
1 1 .
T 5 P Carrier frequency too low.
05 | 05!
To avoid overlap:
1
f W < fo < 5 W
—0.5 0.5
1 1 1 1
T 2 T 2 Carrier frequency too high. T 5 E
T T =f
0 . fo 091 — fo
2
-f




DTFT Properties: More Examples

Convolution and Multiplication Properties
http://classes.ece.usu.edu/3640/resources/DTFEFT/dtft _properties.html

Shelving Filters for Audio Processing
http://classes.ece.usu.edu/3640/resources/example_shelving filter.html

Adjustable Bandpass Filter
http://classes.ece.usu.edu/3640/resources/adjustable_bpf/bpftest diagram.pdf
http://classes.ece.usu.edu/3640/resources/adjustable_bpf/bpftest.pdf
http://classes.ece.usu.edu/3640/resources/adjustable_ bpf/rainbowroad.mp3
http://classes.ece.usu.edu/3640/resources/adjustable_ bpf/rainbowroad __bpf.mp3



http://classes.ece.usu.edu/3640/resources/DTFT/dtft_properties.html
http://classes.ece.usu.edu/3640/resources/example_shelving_filter.html
http://classes.ece.usu.edu/3640/resources/adjustable_bpf/bpftest_diagram.pdf
http://classes.ece.usu.edu/3640/resources/adjustable_bpf/bpftest.pdf
http://classes.ece.usu.edu/3640/resources/adjustable_bpf/rainbowroad.mp3
http://classes.ece.usu.edu/3640/resources/adjustable_bpf/rainbowroad_bpf.mp3

DTFT Properties: Tools

Do this ... to get this
operation in Spectral Operators/Tools effect in the
the time frequency

domain ... domain.

Multiply by ef27fom.
cos(2m fon), sin(27 fon), Shift or replicate
or periodic signal.

Convolution with impulse ,
. Scale or slice or reshape
response or filter using

: . Itiplicati

difference equation (multiplication)
Multiplication by Smear /leakage

window or truncate (convolution)

Later we will learn about other operations that
stretch and compress in the frequency domain.



