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Family of Fourier Transforms
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Family of Fourier Transforms
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DTFT is Periodic with Period 1
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DFTF synthesis formula

DFTF analysis formula
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The DTFT is periodic with period 1.
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DTFT is Periodic with Period 1

The DTFT is periodic with period 1.
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Periodicity of DTFT Explains Frequency Aliasing

<latexit sha1_base64="NuzvQ11mwdbkeVK57OegRrCDbME="></latexit>

cos(2⇡f0n) () 1

2

X

k

�(f � f0 � k) +
1

2

X

k

�(f + f0 � k)



Periodicity of DTFT Explains Frequency Aliasing
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DTFT Frequency Variable
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Derive DTFT by Convolution
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Derive DTFT by Convolution
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LTI System Frequency Response
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LTI System Responses
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LTI System Responses
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DTFT Pairs, Properties, Symmetries

Students should be able to understand, derive, and apply: 
• DTFT pairs in Table 3.1 (page 135) 
• DTFT symmetries in Table 3.2 & 3.3 (page 142 & 143) 
• DTFT properties in Table 3.5 (page 189) 

Note: Tables and page numbers are for the book “Digital Signal 
Processing: Principles and Applications” by Thomas Holton, 
Cambridge, 2021.



DTFT Pairs: Absolutely Summable Sequences
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• DTFT sum converges uniformly to a continuous and differentiable function 
• Compute DTFT by plugging into analysis formula
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DTFT Pairs: Energy Sequences

ideal low pass filter

proportional gain filter

Hilbert transformer

• DTFT sum converges in mean square sense 
• DTFT may exhibit discontinuities 
• Partial DTFT sum exhibits Gibbs phenomena around discontinuities 
• Compute inverse DTFT by plugging into synthesis formula
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DTFT Pairs: Power/Periodic Sequences
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• DTFT sum does not converge for some frequencies, gives rise to Dirac delta functions 
• DTFT contains Dirac delta functions 
• Compute inverse DTFT by plugging into synthesis formula
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DTFT Pairs: Power/Periodic Sequences
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• For periodic signals, expand in Fourier series (DTFS) 
• Compute DTFT using DTFT properties such as convolution formula



DTFT Convergence
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DTFT Convergence
<latexit sha1_base64="P4nm253uFjDMrpA8GVLfst9wvdM="></latexit>

Suppose h[n] is absolutely summable.
1X

n=�1
|h[n]| = L < 1

lim
N!1

NX

n=�N

|h[n]| = L

Given " > 0, there exists N such that
�����L�

kX

n=�k

|h[n]|

����� < ", for all k � N .

X

n:|n|>k

|h[n]| < ", for all k � N

������

X

n:|n|>k

h[n]e�j2⇡fn

������


X

n:|n|>k

|h[n]| < ", for all k � N
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DTFT Convergence
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Complex Numbers

Computing real and imaginary parts
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Complex Numbers
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DTFT Symmetry Example
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<latexit sha1_base64="vuM7f4tvyjCa0q0tT7/fR+IQOnc="></latexit>

1

2
(x[n] + x⇤[n])

<latexit sha1_base64="99eJtBKBlUe6y9sBcMhQb5KxxCY="></latexit>

X(f)

<latexit sha1_base64="9dRAIwj/zC6YxV919QwmQ2h7Nuc="></latexit>

1

2
(X(f) +X⇤(�f))

<latexit sha1_base64="7NEljsP8cmTokh/RH35BBSegXbY="></latexit>

f
<latexit sha1_base64="hh3afs2fd/8yuRlbRXtOdPCbXhY="></latexit>

0
<latexit sha1_base64="ISSqgxvffGLq959x4kRqPQ4XgSc="></latexit>

0.5
<latexit sha1_base64="nCybtPajpimGzW5saX7B1+zSb8w="></latexit>�0.5

<latexit sha1_base64="9dRAIwj/zC6YxV919QwmQ2h7Nuc="></latexit>

1

2
(X(f) +X⇤(�f))

<latexit sha1_base64="BGeU+VcLn564mOmNtNbk/kZUlzs="></latexit>

1

2

<latexit sha1_base64="BGeU+VcLn564mOmNtNbk/kZUlzs="></latexit>

1

2

Taking the real part in the 
time domain of a complex 
signal produces the 
Hermitian part in the 
frequency domain. 

Reversing this process uses 
the Hilbert transform.



DTFT Symmetry Properties

<latexit sha1_base64="p/coaWAxFrPWD3437vQfs7lwKvU="></latexit>

`2�H x[n] = x⇤[n]  ! X(f) = X⇤(�f) >2`KBiB�M
>2`KBiB�M x[n] = x⇤[�n]  ! X(f) = X⇤(f) `2�H

BK�;BM�`v x[n] = �x⇤[n]  ! X(f) = �X⇤(�f) �MiB@>2`KBiB�M
�MiB@>2`KBiB�M x[n] = �x⇤[�n]  ! X(f) = �X⇤(f) BK�;BM�`v

2p2M x[n] = x[�n]  ! X(f) = X(�f) 2p2M
Q// x[n] = �x[�n]  ! X(f) = �X(�f) Q//

<latexit sha1_base64="OnwPbMQ1sUOgkXMh6EGyz1L3IEU=">AAADY3icbVLbbtNAELUbLiUFmhbeENKKqCiR2shGIHgBVQKpfehDEaSxiEO0Xo+dVdZrszsuiSy/wjfyAXwAf8DaMVWTMpKlo3Nm5sx4NsgE1+g4v+yt1q3bd+5u32vv3H/wcLezt3+h01wxGLJUpMoLqAbBJQyRowAvU0CTQMAomL+v9NElKM1T+RmXGUwSGksecUbRUNPOHz+AmMuCKkWXZcFKrxf1yVviffWpxt5R1Pf9sQ vJpO0jLLA4BZVw5FSWxAcZNnXE/5bTkPhnqYwFRKh4PEMjpd//KSsXZibVJfGmqnKpbAwyHuR5k1Z7mPkFyahCwjWBS6i8miG8KV/Nd1ShurJxaGq52Y9LqpZXDdIwbGZduU87XWfg1EFuArcBXauJ8+me/cUPU5YnIJEJqvXYdTKcmNWRMwFl2881ZJTNaQxjAyVNQE+K+jYlOTBMSKJUmU8iqdnrFQVNtF4mgclMKM70plaR/9PGOUZvJgWXWY4g2cooygXBlFSHJiFXwFAsDaBMmZsxwmZUUYbmObTXbOrmGbC1VYpFLjlLQ9hgBS5Q0bJ94GvAhHJZ7VWccCHIJyr1lWBaVkrvA4856sMz8+Dk4YkCmPevZZtruJv//ia4eDFwXw2cjy+7x++au2xbT6xnVs9yrdfWsXVqnVtDi9kju7R/2D+3frd2Wvutx6vULbupeWStRevpX1lCFUk=</latexit>

X(f) = X⇤(�f)

>2`KBiB�M
()

8
<

:

Xr(f) = Xr(�f) `2�H T�`i Bb 2p2M

Xi(f) = �Xi(�f) BK�;BM�`v T�`i Bb Q//

<latexit sha1_base64="MAWVNlsQp1GITXq/HVjQXFAL8MA=">AAADZHicbVLNbtNAELYTfkookFJxQkIrolaJ1EQ2AsEFVAmk9tBDEbSNiEO0Xo+dVdZrszsuiVxzhVfkBXgAnoC141ZNykgrfTvfzHwzO+ungmt0nN92o3nr9p27G/da9zcfPHzU3np8qpNMMThhiUjU0KcaBJdwghwFDFMFNPYFnPmz9yV/dg5K80R+xkUK45hGkoecUTSuSfuv50PEZU6VoosiZ8WwG/bIWzL86lGN3X7Y87 yRC/G45SHMMT8EFXPkVBbEAxnUecT7ltGAeEeJjASEqHg0RUMl3y+ZpQozneqCXJQiF8TIGNQv4W4dVmlULWIWAOGawDmUWpdN0FKA1E32r66mCNmtteoq6dSIlRWSIKibXcpP2h1n4FRGbgK3Bh2rtuPJlv3FCxKWxSCRCar1yHVSHJvZkTMBRcvLNKSUzWgEIwMljUGP82o5BdkxnoCEiTJHIqm81zNyGmu9iH0TGVOc6nWudP6PG2UYvhnnXKYZgmRLoTATBBNSbpoEXAFDsTCAMmWWxgibUkUZmv/QWpGpiqfAVkbJ55nkLAlgzStwjooWrR1PA8aUy3Ku/IALQT5Rqa8IU7Jkuh94xFHvHZkfJ/cOFMCsdy3abMNdf/ub4PTFwH01cD6+7Oy/q/eyYT21nltdy7VeW/vWoXVsnVjMHto/7J/2r8af5mZzu/lkGdqw65xta8Waz/4BFq8V0w==</latexit>

X(f) = X⇤(�f)

>2`KBiB�M
()

8
<

:

|X(f)| = |X(�f)| K�;MBim/2 Bb 2p2M

\X(f) = �\X(�f) T?�b2 Bb Q//



DTFT Symmetry Example

Music signal is real, spectrum exhibits Hermitian symmetry
Magnitude (shown) is even 
Phase (not shown) is odd

Real part is even 
Imaginary part is odd

Radio signal is complex, spectrum exhibits no symmetry

This is the FM band (88-108 MHz) in Logan, Utah.



DTFT Symmetry Example

<latexit sha1_base64="hMRyTeSY0kfCF73KiIpzRNilquI="></latexit> 
xe[n]
xo[n]

�
=

1

2


1 1
1 �1

� 
x[n]
x[�n]

�


xr[n]
jxi[n]

�
=

1

2


1 1
1 �1

� 
x[n]
x⇤[n]

�


xh[n]
jxa[n]

�
=

1

2


1 1
1 �1

� 
x[n]

x⇤[�n]

�

<latexit sha1_base64="OlGD08ENzkPUpxp+U2Fxw6iceFw="></latexit>2

664

xre[n]
xro[n]
jxie[n]
jxio[n]

3

775 =
1

4

2

664

1 1 1 1
1 �1 1 �1
1 1 �1 �1
1 �1 �1 1

3

775

2

664

x[n]
x[�n]
x⇤[n]
x⇤[�n]

3

775

even and 
odd parts

real and 
imaginary parts

Hermitian and 
Anti-Hermitian parts

Four-Way Decomposition of a Sequence

<latexit sha1_base64="/J44rwdYmdC++HCLjNgHVTeVQM0=">AAACGHicbVDNSgMxGMzW//q36tFLsAp6sO4WRI9FLx4VbC3UUr7NZtvQbBKSrFJKH8OLr+LFgyJevfk2ZtsetHUgMMw3X5KZSHFmbBB8e4W5+YXFpeWV4ura+samv7VdNzLThNaI5FI3IjCUM0FrlllOG0pTSCNO76LeZT6/e6DaMClubV/RVgodwRJGwDqp7Z9cgsCgFO/jxN15/Ah9HFMiUyUNyy3YSrzfOEyO9h2T5bZfCsrBCHiWhBNSQhNct/2v+1iSLKXCEg7GNMNA2dYAtGWE02HxPjNUAelBhzYdFZBS0xqMgg3xgVNi9zHtjrB4pP7eGEBqTD+NnDMF2zXTs1z8b9bMbHLeGjChMksFGT+UZDwPm7eEY6Ypsa6UmAHRrgiCSRc0EOu6LLoSwunIs6ReKYen5eCmUqpeTOpYRrtoDx2iEJ2hKrpC16iGCHpCL+gNvXvP3qv34X2OrQVvsrOD/sD7+gHBJ57s</latexit>

Can apply four-way decomposition to X(f) too.

Two-Way Decompositions of a Sequence



DTFT Symmetry Example

<latexit sha1_base64="KofpMsNev/FHXDJMkz6meYgvvBQ="></latexit>

xre[n] + xro[n] + jxie[n] + jxio[n]

Xre(f) + Xro(f) + jXie(f) + jXio(f)

DTFT transforms four parts independently

<latexit sha1_base64="+eva7Fx7TOx+OlNyQcN8So8op8A="></latexit>

Given two real signals x[n] = xe[n] + xo[n] and y[n] = ye[n] + yo[n], pack
z[n] = x[n] + jy[n] and transform to Z(f). The transforms X(f) and Y (f) can
be extracted by unpacking the four-way decomposition.

xe[n] + xo[n] + jye[n] + jyo[n]

Zre(f) + Zro(f) + jZie(f) + jZio(f)

X(f) = Zre(f) + jZio(f)

jY (f) = Zro(f) + jZie(f)
(2 for 

price of
 1)



DTFT Symmetry Example
<latexit sha1_base64="Kv/t0w8GNJ/QYxN1uMVZlQgcyAU=">AAAGKXiclVTbbtNAEHVpAsXcWnhESCuaooQ2URIJgUSLqhapeShSUa8iTqPNZmwvXa8t7z </latexit>

amTTQb2 i?2 BKTmHb2 `2bTQMb2 h[n] Bb `2�H p�Hm2/X
q?�i Bb i?2 QmiTmi 7Q` BMTmi cos(2⇡f0n+ '), �1 < n < 1X

x[n] = cos(2⇡f0n+ ') =
1

2
e
j(2⇡f0n+') +

1

2
e
�j(2⇡f0n+')

"v HBM2�`Biv r2 ?�p2

y[n] =
1

2
H(f0)e

j(2⇡f0n+') +
1

2
H(�f0)e

�j(2⇡f0n+')

=
1

2
|H(f0)|ej(2⇡f0n+'+\H(f0)) +

1

2
|H(�f0)|ej(�2⇡f0n�'+\H(�f0))

"2+�mb2 h[n] Bb `2�H H(f0) = H
⇤(�f0)X h?2M

|H(�f0)| = |H(f0)|
\H(�f0) = �\H(f0)

y[n] = |H(f0)|
1

2

⇣
e
j(2⇡f0n+'+\H(f0)) + e

�j(2⇡f0n+'+\H(f0))
⌘

= |H(f0)| cos (2⇡f0n+ '+ \H(f0))

Everlasting real sinusoids are eigenfunctions of LTI systems with real impulse response.



DTFT Property Example

<latexit sha1_base64="UTywOwrxEdfT0RzDBwoJoPJXZQw="></latexit>(
1

2N+1 , �N  n  N,

0, Qi?2`rBb2,
 ! sin(⇡f(2N + 1))

(2N + 1) sin(⇡f)
(

1
2N+1 , 0  n  2N,

0, Qi?2`rBb2,
 ! sin(⇡f(2N + 1))

(2N + 1) sin(⇡f)
e�j2⇡fN

<latexit sha1_base64="S2meSPBzc94tWjVDMBevH21rTzU="></latexit>

x[n]  ! X(f)

x[n� d]  ! X(f)e�j2⇡fd

Delay in the time domain leads to multiplication by a 
complex exponential in the frequency domain.

Non-causal zero-phase 
moving average filter

Causal linear-phase 
moving average filter



DTFT Property Example

<latexit sha1_base64="S2meSPBzc94tWjVDMBevH21rTzU="></latexit>

x[n]  ! X(f)

x[n� d]  ! X(f)e�j2⇡fd

frequency response of 
LTI system described 
by difference equation

<latexit sha1_base64="LGXHUSIPNnXHTZwH1FlhRqDXAok="></latexit>

NX

k=0

a[k]y[n� k] =
MX

m=0

b[m]x[n�m]

 
NX

k=0

a[k]e�j2⇡fk

!
Y (f) =

 
MX

k=0

b[m]e�j2⇡fm

!
X(f)

H(f) =
Y (f)

X(f)
=

B(f)

A(f)

A(f) =
NX

k=0

a[k]e�j2⇡fk

B(f) =
MX

m=0

b[m]e�j2⇡fm



DTFT Convolution Property
<latexit sha1_base64="wsnZwwFdGVysr/I3uOXAMbe4ypA="></latexit>

x[n]  ! X(f) h[n]  ! H(f)

<latexit sha1_base64="QoAqhPAcYXqUDpckSaIOsTDUKEs="></latexit>

y[n] = x[n] ⇤ h[n] =
X

k

h[k]x[n� k]

Y (f) =
X

n

y[n]e�j2⇡fn =
X

n

X

k

h[k]x[n� k]e�j2⇡fn

=
X

k

h[k]
X

n

x[n� k]e�j2⇡fn
, m = n� k, n = m+ k

=

 
X

k

h[k]e�j2⇡fk

!
·
 
X

m

x[m]e�j2⇡fm

!

= H(f) ·X(f)

x[n] ⇤ h[n]  ! X(f) ·H(f)



DTFT Multiplication Property
<latexit sha1_base64="wsnZwwFdGVysr/I3uOXAMbe4ypA="></latexit>

x[n]  ! X(f) h[n]  ! H(f)

(periodic convolution)

<latexit sha1_base64="xgZjMweSuVwYqQK8GO3IliblE6Y="></latexit>

y[n] = x[n] · h[n]

Y (f) =
X

n

y[n]e�j2⇡fn =
X

n

h[n]x[n]e�j2⇡fn

=
X

n

h[n]

✓Z 1

0
X(�)ej2⇡�nd�

◆
e
�j2⇡fn

=

Z 1

0

 
X

n

h[n]e�j2⇡(f��)n
d�

!
X(�)d�

=

Z 1

0
H(f � �)X(�)d�

= H(f)~X(f)

x[n] · h[n]  ! X(f)~H(f)



Important DTFT Properties
<latexit sha1_base64="SxEota2xLaib+x2ROHllBPDdDeQ="></latexit> *QMpQHmiBQM S`QT2`iv JmHiBTHB+�iBQM S`QT2`iv
x[n] ⇤ h[n] $ X(f) ·H(f) x[n] · h[n] $ X(f)~H(f)

Filtering (spectral shaping, 
spectral shaving, etc.)

Windowing and spectral 
leakage 

Mix with sinusoids for spectral 
shifting (modulation and 
demodulation) 

Mix with impulse train for 
sampling, upsampling, 
downsampling, sample rate 
conversion



Important DTFT Properties: Hilbert Transform

<latexit sha1_base64="7NEljsP8cmTokh/RH35BBSegXbY="></latexit>

f
<latexit sha1_base64="hh3afs2fd/8yuRlbRXtOdPCbXhY="></latexit>

0
<latexit sha1_base64="ISSqgxvffGLq959x4kRqPQ4XgSc="></latexit>

0.5
<latexit sha1_base64="nCybtPajpimGzW5saX7B1+zSb8w="></latexit>�0.5

<latexit sha1_base64="X6dwVQwqUZhkdkWFXJds8pZBTTQ=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSIIQklEsceCF49V7Ae0oWy2m3btZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2L1gOOE+xEdKBEKRtFK9+ePvVLZrbgzkGXi5aQMOeq90le3H7M04gqZpMZ0PDdBP6MaBZN8UuymhieUjeiAdyxVNOLGz2aXTsipVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxrPqZUEmKXLH5ojCVBGMyfZv0heYM5dgSyrSwtxI2pJoytOEUbQje4svLpHlR8a4q7t1luVbN4yjAMZzAGXhwDTW4hTo0gEEIz/AKb87IeXHenY9564qTzxzBHzifPzWbjR0=</latexit>

+j
<latexit sha1_base64="ZKsSJuWUEctOhCSsg5GsFeIUVvo=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSSi2GPBi8cq9gPaUDbbTbt2swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2il+/PHXqnsVtwZyDLxclKGHPVe6avbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7NLJ+TUKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYVv1MqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nCKNgRv8eVl0ryoeFcV9+6yXKvmcRTgGE7gDDy4hhrcQh0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPHziljR8=</latexit>�j

<latexit sha1_base64="9ie/cf6rnReLjaakgwOY6R+eYQM="></latexit>

H(f) =

(
+j, �0.5  f < 0

�j, 0 < f  0.5
<latexit sha1_base64="gh0gGNNLpw6x1qNlzjmTNV37xpw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsReh4MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPcgbt1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCWt+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6R1UfWuqu79ZaVey+Mowgmcwjl4cA11uIMGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w/Fh41t</latexit>

n = 0
<latexit sha1_base64="nIxoO92zmhNs7FHvlRC+/NJDVks="></latexit>

h[n] =
1� (�1)n

⇡n
= · · · , 0,� 2

3⇡
, 0,� 2

⇡
, 0,

2

⇡
, 0,

2

3⇡
, 0, · · ·

<latexit sha1_base64="441feC1gfjToHWQ/1F9O/l5SvcE=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBHcWGYKYpcFNy4r2Ae0Q8lkMm1oJhmTTGEY+h1uXCji1o9x59+YtrPQ1gMXTs65l9x7goQzbVz329nY3Nre2S3tlfcPDo+OKyenHS1TRWibSC5VL8CaciZo2zDDaS9RFMcBp91gcjf3u1OqNJPi0WQJ9WM8EixiBBsr+cw+mcAqu5ZhOKxU3Zq7AFonXkGqUKA1rHwNQknSmApDONa677mJ8XOsDCOczsqDVNMEkwke0b6lAsdU+/li6Rm6tEqIIqlsCYMW6u+JHMdaZ3FgO2NsxnrVm4v/ef3URA0/ZyJJDRVk+VGUcmQkmieAQqYoMTyzBBPF7K6IjLHCxNicyjYEb/XkddKp17ybmvtQrzYbRRwlOIcLuAIPbqEJ99CCNhB4gmd4hTdn6rw4787HsnXDKWbO4A+czx/VU5IZ</latexit>

imaginary-odd

<latexit sha1_base64="end9U4lzI1/Tal7v6cMkpvxubKE=">AAAB73icbVBNSwMxFHxbv2r9qnr0EiyCF8tuQeyx4MVjBbcttEvJZrNtaDZZk6xQlv4JLx4U8erf8ea/MW33oK0DgWFmHnlvwpQzbVz32yltbG5t75R3K3v7B4dH1eOTjpaZItQnkkvVC7GmnAnqG2Y47aWK4iTktBtObud+94kqzaR4MNOUBgkeCRYzgo2VejbKr2QUDas1t+4ugNaJV5AaFGgPq1+DSJIsocIQjrXue25qghwrwwins8og0zTFZIJHtG+pwAnVQb7Yd4YurBKhWCr7hEEL9fdEjhOtp0lokwk2Y73qzcX/vH5m4maQM5Fmhgqy/CjOODISzY9HEVOUGD61BBPF7K6IjLHCxNiKKrYEb/XkddJp1L3runvfqLWaRR1lOINzuAQPbqAFd9AGHwhweIZXeHMenRfn3flYRktOMXMKf+B8/gDTtI/K</latexit>

real-odd

<latexit sha1_base64="7NEljsP8cmTokh/RH35BBSegXbY="></latexit>

f
<latexit sha1_base64="hh3afs2fd/8yuRlbRXtOdPCbXhY="></latexit>

0
<latexit sha1_base64="ISSqgxvffGLq959x4kRqPQ4XgSc="></latexit>

0.5
<latexit sha1_base64="nCybtPajpimGzW5saX7B1+zSb8w="></latexit>�0.5

<latexit sha1_base64="7NEljsP8cmTokh/RH35BBSegXbY="></latexit>

f
<latexit sha1_base64="hh3afs2fd/8yuRlbRXtOdPCbXhY="></latexit>

0
<latexit sha1_base64="ISSqgxvffGLq959x4kRqPQ4XgSc="></latexit>

0.5
<latexit sha1_base64="nCybtPajpimGzW5saX7B1+zSb8w="></latexit>�0.5

<latexit sha1_base64="e02k4dLHd+NP5X9EbRosyEVgCgM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48V7AekoWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOVMG9f9diobm1vbO9Xd2t7+weFR/fikp5NMEdolCU/UIMSaciZp1zDD6SBVFIuQ0344vSv8/hNVmiXy0cxSGgg8kSxiBJtCin0ZjOoNt+kugNaJV5IGlOiM6l/DcUIyQaUhHGvte25qghwrwwin89ow0zTFZIon1LdUYkF1kC9unaMLq4xRlChb0qCF+nsix0LrmQhtp8Am1qteIf7n+ZmJWkHOZJoZKslyUZRxZBJUPI7GTFFi+MwSTBSztyISY4WJsfHUbAje6svrpHfV9G6a7sN1o90q46jCGZzDJXhwC224hw50gUAMz/AKb45wXpx352PZWnHKmVP4A+fzB/sNjio=</latexit>

h[n]

<latexit sha1_base64="eeoxowGv0eOKvVRxCc1PczlFjFk="></latexit>

cos(2⇡f0n) =
1

2
ej2⇡f0n +

1

2
e�j2⇡fn

<latexit sha1_base64="AKF4n/X3UkD/XB1PBkZV/qAT1iE=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahXkpSFHssePFYwX5AE8Jmu2mXbjZhd1Moof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMC1POlHacb6u0tb2zu1ferxwcHh2f2KdnXZVkktAOSXgi+yFWlDNBO5ppTvuppDgOOe2Fk/uF35tSqVginvQspX6MR4JFjGBtpMC2PZKoWsNLGYoCB4nrwK46dWcJtEncglShQDuwv7xhQrKYCk04VmrgOqn2cyw1I5zOK16maIrJBI/owFCBY6r8fHn5HF0ZZYiiRJoSGi3V3xM5jpWaxaHpjLEeq3VvIf7nDTIdNf2ciTTTVJDVoijjSCdoEQMaMkmJ5jNDMJHM3IrIGEtMtAmrYkJw11/eJN1G3b2tO4831VaziKMMF3AJNXDhDlrwAG3oAIEpPMMrvFm59WK9Wx+r1pJVzJzDH1ifP4fFkkE=</latexit>

cos(2⇡f0n)

<latexit sha1_base64="82+XLowrCaBv0wepx0ZegQKqtdQ=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahXkpSFHssePFYwX5AE8Jmu2mXbjZhd1Moof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMC1POlHacb6u0tb2zu1ferxwcHh2f2KdnXZVkktAOSXgi+yFWlDNBO5ppTvuppDgOOe2Fk/uF35tSqVginvQspX6MR4JFjGBtpMC2PcVEreGlDEWBg8R1YFedurME2iRuQapQoB3YX94wIVlMhSYcKzVwnVT7OZaaEU7nFS9TNMVkgkd0YKjAMVV+vrx8jq6MMkRRIk0JjZbq74kcx0rN4tB0xliP1bq3EP/zBpmOmn7ORJppKshqUZRxpBO0iAENmaRE85khmEhmbkVkjCUm2oRVMSG46y9vkm6j7t7WncebaqtZxFGGC7iEGrhwBy14gDZ0gMAUnuEV3qzcerHerY9Va8kqZs7hD6zPH4+vkkY=</latexit>

sin(2⇡f0n)

<latexit sha1_base64="X6dwVQwqUZhkdkWFXJds8pZBTTQ=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSIIQklEsceCF49V7Ae0oWy2m3btZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2L1gOOE+xEdKBEKRtFK9+ePvVLZrbgzkGXi5aQMOeq90le3H7M04gqZpMZ0PDdBP6MaBZN8UuymhieUjeiAdyxVNOLGz2aXTsipVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxrPqZUEmKXLH5ojCVBGMyfZv0heYM5dgSyrSwtxI2pJoytOEUbQje4svLpHlR8a4q7t1luVbN4yjAMZzAGXhwDTW4hTo0gEEIz/AKb87IeXHenY9564qTzxzBHzifPzWbjR0=</latexit>

+j

<latexit sha1_base64="ypjrqGlF25qW+3MZ1cwb0Si0Iw0=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBU9gNijkGvHiMYB6QxDA76U3GzM4uM7NCXPIlXjwo4tVP8ebfOHkcNLGgoajqprsrSATXxvO+nbX1jc2t7dxOfndv/6DgHh41dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC6nvrNR1Sax/LOjBPsRnQgecgZNVbquQW8zx7KnYSTsOcROem5Ra/kzUBWib8gRVig1nO/Ov2YpRFKwwTVuu17ielmVBnOBE7ynVRjQtmIDrBtqaQR6m42O3xCzqzSJ2GsbElDZurviYxGWo+jwHZG1Az1sjcV//PaqQkr3YzLJDUo2XxRmApiYjJNgfS5QmbE2BLKFLe3EjakijJjs8rbEPzll1dJo1zyL0ve7UWxWlnEkYMTOIVz8OEKqnADNagDgxSe4RXenCfnxXl3Puata85i5hj+wPn8Aa0Dkmo=</latexit>

ej2⇡f0n<latexit sha1_base64="zB9nc2nOvT+JeLwvI3nj2eMmfgc="></latexit>

sin(2⇡f0n) =
1

2j
ej2⇡f0n � 1

2j
e�j2⇡fn

<latexit sha1_base64="7NEljsP8cmTokh/RH35BBSegXbY="></latexit>

f
<latexit sha1_base64="hh3afs2fd/8yuRlbRXtOdPCbXhY="></latexit>

0
<latexit sha1_base64="ISSqgxvffGLq959x4kRqPQ4XgSc="></latexit>

0.5
<latexit sha1_base64="nCybtPajpimGzW5saX7B1+zSb8w="></latexit>�0.5

<latexit sha1_base64="E4g3nP9uk/SfNDXx6dRQVSq7MT4=">AAACHXicbZDLSsNAFIYn9VbrLerSzWARWoSSlIrdCAU3LivYCzQxTKaTdtrJJMxMhBL6Im58FTcuFHHhRnwbpxeKtv4w8POdczhzfj9mVCrL+jYya+sbm1vZ7dzO7t7+gXl41JRRIjBp4IhFou0jSRjlpKGoYqQdC4JCn5GWP7ye1FsPREga8Ts1iokboh6nAcVIaeSZFXKfDspOTGHgWXwMr6CDI1lYkCI8hwNHUr5AkBc9M2+VrKngqrHnJg/mqnvmp9ONcBISrjBDUnZsK1ZuioSimJFxzkkkiREeoh7paMtRSKSbTq8bwzNNujCIhH5cwSn9PZGiUMpR6OvOEKm+XK5N4H+1TqKCqptSHieKcDxbFCQMqghOooJdKghWbKQNwoLqv0LcRwJhpQPN6RDs5ZNXTbNcsi9K1m0lX6vO48iCE3AKCsAGl6AGbkAdNAAGj+AZvII348l4Md6Nj1lrxpjPHIM/Mr5+AF2Pnus=</latexit>

ej2⇡f0n = cos(2⇡f0n) + j sin(2⇡f0n)

<latexit sha1_base64="DiVCDdrzSduFPz0hg7f5kMFqMSI=">AAAB+nicbVBNSwMxEM3Wr1q/tnr0EiyCp7JbEHsseOmxgv2AdinZNNuGJtklmVXK2p/ixYMiXv0l3vw3pu0etPXBwOO9GWbmhYngBjzv2ylsbe/s7hX3SweHR8cnbvm0Y+JUU9amsYh1LySGCa5YGzgI1ks0IzIUrBtObxd+94Fpw2N1D7OEBZKMFY84JWCloVtuchEyDRg0USaKtRy6Fa/qLYE3iZ+TCsrRGrpfg1FMU8kUUEGM6fteAkFGNHAq2Lw0SA1LCJ2SMetbqohkJsiWp8/xpVVG2O61pQAv1d8TGZHGzGRoOyWBiVn3FuJ/Xj+FqB5kXCUpMEVXi6JUYIjxIgc84ppREDNLCNXc3orphGhCwaZVsiH46y9vkk6t6l9XvbtapVHP4yiic3SBrpCPblADNVELtRFFj+gZvaI358l5cd6dj1VrwclnztAfOJ8/blKUEw==</latexit>

Hilbert transform

<latexit sha1_base64="S/JmPabVJfh9O6EXKrumCqNDT6Y=">AAACHnicbVBNSwMxEM36bf2qevQSLEKlUHaLolAEwUuPFawK3aVk09k2bTa7JLNKKf0lXvwrXjwoInjSf2Nae/DrQZjHezNM5oWpFAZd98OZmZ2bX1hcWs6trK6tb+Q3ty5NkmkODZ7IRF+HzIAUChooUMJ1qoHFoYSrsH829q9uQBuRqAscpBDErKNEJDhDK7Xyh34bJLKmCmiJ9rrj6ld9CRFq0eki0zq59avUK/VqxWifntBKw9ZWvuCW3QnoX+JNSYFMUW/l3/x2wrMYFHLJjGl6borBkGkUXMIo52cGUsb7rANNSxWLwQTDyXkjumeVNo0SbZ9COlG/TwxZbMwgDm1nzLBrfntj8T+vmWF0HAyFSjMExb8WRZmkmNBxVrQtNHCUA0sY18L+lfIu04yjTTRnQ/B+n/yXXFbK3mHZPT8onB5P41giO2SXFIlHjsgpqZE6aRBO7sgDeSLPzr3z6Lw4r1+tM850Zpv8gPP+CR4On+Q=</latexit>

�[n] + jh[n] $ 1 + jH(f) = 2U(f)

<latexit sha1_base64="7NEljsP8cmTokh/RH35BBSegXbY="></latexit>

f<latexit sha1_base64="hh3afs2fd/8yuRlbRXtOdPCbXhY="></latexit>

0
<latexit sha1_base64="ISSqgxvffGLq959x4kRqPQ4XgSc="></latexit>

0.5
<latexit sha1_base64="nCybtPajpimGzW5saX7B1+zSb8w="></latexit>�0.5

<latexit sha1_base64="s/rvr1KDBjlp3gLDF0B4HEnc1+k=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KklR7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUrA5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvpuI2r8v1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AenGMsA==</latexit>

2

The Hilbert transform 
removes negative frequencies.

<latexit sha1_base64="SV0yurjpDcpISeSR9hESm73iCtU=">AAACG3icbVBNS8NAEN3Urxq/qh69LLaCp5IUxHorePFYwbZCE8pmM2mWbjZhdyOU0v/hxb/ixYMingQP/hu3bQ7a+mDg8d4MM/OCjDOlHefbKq2tb2xulbftnd29/YPK4VFXpbmk0KEpT+V9QBRwJqCjmeZwn0kgScChF4yuZ37vAaRiqbjT4wz8hAwFixgl2kiDSsMTKRMhCI1rcV/4NZyBjFKZKHzlYM+zQxhKAJzFZglWMYv0oFJ16s4ceJW4BamiAu1B5dMLU5onZgnlRKm+62TanxCpGeUwtb1cQUboiAyhb6ggCSh/Mv9tis+MEmJzkSlz5Fz9PTEhiVLjJDCdCdGxWvZm4n9eP9dR058wkeUaBF0sinKOdYpnQeGQSaCajw0hVDJzK6YxkYRqE6dtQnCXX14l3Ubdvag7t41qq1nEUUYn6BSdIxddoha6QW3UQRQ9omf0it6sJ+vFerc+Fq0lq5g5Rn9gff0A/0qgHA==</latexit>

h[n] pe
rforms 90

degree
phase shift



DTFT Properties: Hilbert Transform

<latexit sha1_base64="7NEljsP8cmTokh/RH35BBSegXbY="></latexit>

f
<latexit sha1_base64="hh3afs2fd/8yuRlbRXtOdPCbXhY="></latexit>

0
<latexit sha1_base64="ISSqgxvffGLq959x4kRqPQ4XgSc="></latexit>

0.5
<latexit sha1_base64="nCybtPajpimGzW5saX7B1+zSb8w="></latexit>�0.5

<latexit sha1_base64="7NEljsP8cmTokh/RH35BBSegXbY="></latexit>

f
<latexit sha1_base64="hh3afs2fd/8yuRlbRXtOdPCbXhY="></latexit>

0
<latexit sha1_base64="ISSqgxvffGLq959x4kRqPQ4XgSc="></latexit>

0.5
<latexit sha1_base64="nCybtPajpimGzW5saX7B1+zSb8w="></latexit>�0.5

<latexit sha1_base64="7NEljsP8cmTokh/RH35BBSegXbY="></latexit>

f
<latexit sha1_base64="hh3afs2fd/8yuRlbRXtOdPCbXhY="></latexit>

0
<latexit sha1_base64="ISSqgxvffGLq959x4kRqPQ4XgSc="></latexit>

0.5
<latexit sha1_base64="nCybtPajpimGzW5saX7B1+zSb8w="></latexit>�0.5

<latexit sha1_base64="7NEljsP8cmTokh/RH35BBSegXbY="></latexit>

f
<latexit sha1_base64="hh3afs2fd/8yuRlbRXtOdPCbXhY="></latexit>

0
<latexit sha1_base64="ISSqgxvffGLq959x4kRqPQ4XgSc="></latexit>

0.5
<latexit sha1_base64="nCybtPajpimGzW5saX7B1+zSb8w="></latexit>�0.5

<latexit sha1_base64="S/JmPabVJfh9O6EXKrumCqNDT6Y=">AAACHnicbVBNSwMxEM36bf2qevQSLEKlUHaLolAEwUuPFawK3aVk09k2bTa7JLNKKf0lXvwrXjwoInjSf2Nae/DrQZjHezNM5oWpFAZd98OZmZ2bX1hcWs6trK6tb+Q3ty5NkmkODZ7IRF+HzIAUChooUMJ1qoHFoYSrsH829q9uQBuRqAscpBDErKNEJDhDK7Xyh34bJLKmCmiJ9rrj6ld9CRFq0eki0zq59avUK/VqxWifntBKw9ZWvuCW3QnoX+JNSYFMUW/l3/x2wrMYFHLJjGl6borBkGkUXMIo52cGUsb7rANNSxWLwQTDyXkjumeVNo0SbZ9COlG/TwxZbMwgDm1nzLBrfntj8T+vmWF0HAyFSjMExb8WRZmkmNBxVrQtNHCUA0sY18L+lfIu04yjTTRnQ/B+n/yXXFbK3mHZPT8onB5P41giO2SXFIlHjsgpqZE6aRBO7sgDeSLPzr3z6Lw4r1+tM850Zpv8gPP+CR4On+Q=</latexit>

�[n] + jh[n] $ 1 + jH(f) = 2U(f)

<latexit sha1_base64="7NEljsP8cmTokh/RH35BBSegXbY="></latexit>

f<latexit sha1_base64="hh3afs2fd/8yuRlbRXtOdPCbXhY="></latexit>

0
<latexit sha1_base64="ISSqgxvffGLq959x4kRqPQ4XgSc="></latexit>

0.5
<latexit sha1_base64="nCybtPajpimGzW5saX7B1+zSb8w="></latexit>�0.5

<latexit sha1_base64="s/rvr1KDBjlp3gLDF0B4HEnc1+k=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KklR7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUrA5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvpuI2r8v1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AenGMsA==</latexit>

2

Applications: Single sideband modulation, audio effects, …

<latexit sha1_base64="GVSX1zqHhc4C8WAhSQBvdO83Ef0="></latexit>

jH(f) =

(
�1, �0.5  f < 0

+1, 0 < f  0.5

<latexit sha1_base64="jOubMXewvjyOjtJ6SHy+SBsHrgo="></latexit>

x[n] = x⇤
[n] (real) $ X(f) = X⇤

(�f) (Hermitian)

<latexit sha1_base64="W3eHYWKVu3ggPYviYj2xCzB/lko=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahXkoiij0WvHisYNpCG8pmu2mX7m7C7kYoob/BiwdFvPqDvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0sbm1vVPereztHxweVY9POjpOFaE+iXmseiHWlDNJfcMMp71EUSxCTrvh9C73u09UaRbLRzNLaCDwWLKIEWys5Pfq0WVlWK25DXcBtE68gtSgQHtY/RqMYpIKKg3hWOu+5yYmyLAyjHA6rwxSTRNMpnhM+5ZKLKgOssWxc3RhlRGKYmVLGrRQf09kWGg9E6HtFNhM9KqXi/95/dREzSBjMkkNlWS5KEo5MjHKP0cjpigxfGYJJorZWxGZYIWJsfnkIXirL6+TzlXDu2m4D9e1VrOIowxncA518OAWWnAPbfCBAINneIU3RzovzrvzsWwtOcXMKfyB8/kDbxSNvw==</latexit>

X(f)

<latexit sha1_base64="mbTP7qX31JZgKvDEB8o75nicvtw=">AAAB8nicbVDLSgMxFM3UV62vqks3wSLUTZkRxS4LbrqsYB8wHUomzbSxmWRI7gil9DPcuFDErV/jzr8x085CWw8kHM65l3vvCRPBDbjut1PY2Nza3inulvb2Dw6PyscnHaNSTVmbKqF0LySGCS5ZGzgI1ks0I3EoWDec3GV+94lpw5V8gGnCgpiMJI84JWAl/7FZjS5xz36lQbni1twF8DrxclJBOVqD8ld/qGgaMwlUEGN8z00gmBENnAo2L/VTwxJCJ2TEfEsliZkJZouV5/jCKkMcKW2fBLxQf3fMSGzMNA5tZUxgbFa9TPzP81OI6sGMyyQFJulyUJQKDApn9+Mh14yCmFpCqOZ2V0zHRBMKNqUsBG/15HXSuap5NzX3/rrSqOdxFNEZOkdV5KFb1EBN1EJtRJFCz+gVvTngvDjvzseytODkPafoD5zPH6zXj4Q=</latexit>

jH(f)X(f)

<latexit sha1_base64="EW5Int/Pmx8+QYFANI+i9Y7xt2c=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVtXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AeO2Mrw==</latexit>

1

<latexit sha1_base64="EW5Int/Pmx8+QYFANI+i9Y7xt2c=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVtXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AeO2Mrw==</latexit>

1

<latexit sha1_base64="s/rvr1KDBjlp3gLDF0B4HEnc1+k=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KklR7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUrA5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvpuI2r8v1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AenGMsA==</latexit>

2
<latexit sha1_base64="5J5olVXZWoPCkocqDPJlHGvQxzY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVtXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4Ad2mMrg==</latexit>

0

<latexit sha1_base64="5RcO/zE5ji728ITcnvStBNFh4vY=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyxCRSgzothlwU2XFewD2qFk0kwbm8kMSUYptZ/ixoUibv0Sd/6NmXYW2nog5OSce7k3x485U9pxvq3c2vrG5lZ+u7Czu7d/YBcPWypKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2xzep336gUrFI3OlJTL0QDwULGMHaSH272CkHZ+gc3dfTO3307ZJTceZAq8TNSAkyNPr2V28QkSSkQhOOleq6Tqy9KZaaEU5nhV6iaIzJGA9p11CBQ6q86Xz1GTo1ygAFkTRHaDRXf3dMcajUJPRNZYj1SC17qfif1010UPWmTMSJpoIsBgUJRzpCaQ5owCQlmk8MwUQysysiIywx0SatggnBXf7yKmldVNyrinN7WapVszjycAwnUAYXrqEGdWhAEwg8wjO8wpv1ZL1Y79bHojRnZT1H8AfW5w9CNpFh</latexit>

X(f) + jH(f)X(f)

<latexit sha1_base64="e02k4dLHd+NP5X9EbRosyEVgCgM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48V7AekoWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOVMG9f9diobm1vbO9Xd2t7+weFR/fikp5NMEdolCU/UIMSaciZp1zDD6SBVFIuQ0344vSv8/hNVmiXy0cxSGgg8kSxiBJtCin0ZjOoNt+kugNaJV5IGlOiM6l/DcUIyQaUhHGvte25qghwrwwin89ow0zTFZIon1LdUYkF1kC9unaMLq4xRlChb0qCF+nsix0LrmQhtp8Am1qteIf7n+ZmJWkHOZJoZKslyUZRxZBJUPI7GTFFi+MwSTBSztyISY4WJsfHUbAje6svrpHfV9G6a7sN1o90q46jCGZzDJXhwC224hw50gUAMz/AKb45wXpx352PZWnHKmVP4A+fzB/sNjio=</latexit>

h[n]
<latexit sha1_base64="X6dwVQwqUZhkdkWFXJds8pZBTTQ=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSIIQklEsceCF49V7Ae0oWy2m3btZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2L1gOOE+xEdKBEKRtFK9+ePvVLZrbgzkGXi5aQMOeq90le3H7M04gqZpMZ0PDdBP6MaBZN8UuymhieUjeiAdyxVNOLGz2aXTsipVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxrPqZUEmKXLH5ojCVBGMyfZv0heYM5dgSyrSwtxI2pJoytOEUbQje4svLpHlR8a4q7t1luVbN4yjAMZzAGXhwDTW4hTo0gEEIz/AKb87IeXHenY9564qTzxzBHzifPzWbjR0=</latexit>

+j

<latexit sha1_base64="DiVCDdrzSduFPz0hg7f5kMFqMSI=">AAAB+nicbVBNSwMxEM3Wr1q/tnr0EiyCp7JbEHsseOmxgv2AdinZNNuGJtklmVXK2p/ixYMiXv0l3vw3pu0etPXBwOO9GWbmhYngBjzv2ylsbe/s7hX3SweHR8cnbvm0Y+JUU9amsYh1LySGCa5YGzgI1ks0IzIUrBtObxd+94Fpw2N1D7OEBZKMFY84JWCloVtuchEyDRg0USaKtRy6Fa/qLYE3iZ+TCsrRGrpfg1FMU8kUUEGM6fteAkFGNHAq2Lw0SA1LCJ2SMetbqohkJsiWp8/xpVVG2O61pQAv1d8TGZHGzGRoOyWBiVn3FuJ/Xj+FqB5kXCUpMEVXi6JUYIjxIgc84ppREDNLCNXc3orphGhCwaZVsiH46y9vkk6t6l9XvbtapVHP4yiic3SBrpCPblADNVELtRFFj+gZvaI358l5cd6dj1VrwclnztAfOJ8/blKUEw==</latexit>

Hilbert transform
<latexit sha1_base64="fM+F0B6Y4WoPRHAvVHtAC46zChk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEYo8FLx4r2A9IQ9lsN+3S3U3Y3Ygl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfog15UzSjmGG036iKBYhp71wepv7vUeqNIvlg5klNBB4LFnECDa59OTLYFituXV3AbROvILUoEB7WP0ajGKSCioN4Vhr33MTE2RYGUY4nVcGqaYJJlM8pr6lEguqg2xx6xxdWGWEoljZkgYt1N8TGRZaz0RoOwU2E73q5eJ/np+aqBlkTCapoZIsF0UpRyZG+eNoxBQlhs8swUQxeysiE6wwMTaeig3BW315nXSv6l6j7t5f11rNIo4ynME5XIIHN9CCO2hDBwhM4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gATjI46</latexit>

x[n]
<latexit sha1_base64="cmq0OQzmo8wSAUxdZqNxZwlJ1UI=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiCEJJRLHLghuXFewD0lAm00k7djIJMxOxxC78FTcuFHHrb7jzb5y0XWjrgcs9nHMvc+cECWdKO863VVhaXlldK66XNja3tnfs3b2milNJaIPEPJbtACvKmaANzTSn7URSHAWctoLhVe637qlULBa3epRQP8J9wUJGsDZS1z548ISPTtHdIO8drDTKla5ddirOBGiRuDNShhnqXfur04tJGlGhCcdKea6TaD/DUjPC6bjUSRVNMBniPvUMFTiiys8m94/RsVF6KIylKaHRRP29keFIqVEUmMkI64Ga93LxP89LdVj1MyaSVFNBpg+FKUc6RnkYqMckJZqPDMFEMnMrIgMsMdEmspIJwZ3/8iJpnlXci4pzc16uVWdxFOEQjuAEXLiEGlxDHRpA4BGe4RXerCfrxXq3PqajBWu2sw9/YH3+AF+xlQQ=</latexit>

x[n] + jh[n] ⇤ x[n]

<latexit sha1_base64="1gLCHCg6Wgex7kGmY3eRY6JdEIk=">AAAB9XicbZBNS8NAEIYnftb6VfXoZbEInkoiij0WvHisYD8gjWWz3bRLN5uwO1FL6f/w4kERr/4Xb/4bt20O2vrCwsM7M8zsG6ZSGHTdb2dldW19Y7OwVdze2d3bLx0cNk2SacYbLJGJbofUcCkUb6BAydup5jQOJW+Fw+tpvfXAtRGJusNRyoOY9pWIBKNorfuBrwLSoQbJk6VuqexW3JnIMng5lCFXvVv66vQSlsVcIZPUGN9zUwzGVKNgkk+KnczwlLIh7XPfoqIxN8F4dvWEnFqnR6JE26eQzNzfE2MaGzOKQ9sZUxyYxdrU/K/mZxhVg7FQaYZcsfmiKJMEEzKNgPSE5gzlyAJlWthbCRtQTRnaoIo2BG/xy8vQPK94lxX39qJcq+ZxFOAYTuAMPLiCGtxAHRrAQMMzvMKb8+i8OO/Ox7x1xclnjuCPnM8f3DGSEA==</latexit>

h[n] ⇤ x[n]



DTFT Properties: Double Side-Band Modulation

<latexit sha1_base64="7NEljsP8cmTokh/RH35BBSegXbY="></latexit>

f
<latexit sha1_base64="hh3afs2fd/8yuRlbRXtOdPCbXhY="></latexit>

0
<latexit sha1_base64="ISSqgxvffGLq959x4kRqPQ4XgSc="></latexit>

0.5
<latexit sha1_base64="nCybtPajpimGzW5saX7B1+zSb8w="></latexit>�0.5

<latexit sha1_base64="W3eHYWKVu3ggPYviYj2xCzB/lko=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahXkoiij0WvHisYNpCG8pmu2mX7m7C7kYoob/BiwdFvPqDvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0sbm1vVPereztHxweVY9POjpOFaE+iXmseiHWlDNJfcMMp71EUSxCTrvh9C73u09UaRbLRzNLaCDwWLKIEWys5Pfq0WVlWK25DXcBtE68gtSgQHtY/RqMYpIKKg3hWOu+5yYmyLAyjHA6rwxSTRNMpnhM+5ZKLKgOssWxc3RhlRGKYmVLGrRQf09kWGg9E6HtFNhM9KqXi/95/dREzSBjMkkNlWS5KEo5MjHKP0cjpigxfGYJJorZWxGZYIWJsfnkIXirL6+TzlXDu2m4D9e1VrOIowxncA518OAWWnAPbfCBAINneIU3RzovzrvzsWwtOcXMKfyB8/kDbxSNvw==</latexit>

X(f)

<latexit sha1_base64="EW5Int/Pmx8+QYFANI+i9Y7xt2c=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVtXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AeO2Mrw==</latexit>

1

<latexit sha1_base64="fM+F0B6Y4WoPRHAvVHtAC46zChk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEYo8FLx4r2A9IQ9lsN+3S3U3Y3Ygl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfog15UzSjmGG036iKBYhp71wepv7vUeqNIvlg5klNBB4LFnECDa59OTLYFituXV3AbROvILUoEB7WP0ajGKSCioN4Vhr33MTE2RYGUY4nVcGqaYJJlM8pr6lEguqg2xx6xxdWGWEoljZkgYt1N8TGRZaz0RoOwU2E73q5eJ/np+aqBlkTCapoZIsF0UpRyZG+eNoxBQlhs8swUQxeysiE6wwMTaeig3BW315nXSv6l6j7t5f11rNIo4ynME5XIIHN9CCO2hDBwhM4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gATjI46</latexit>

x[n]

<latexit sha1_base64="7NEljsP8cmTokh/RH35BBSegXbY="></latexit>

f
<latexit sha1_base64="hh3afs2fd/8yuRlbRXtOdPCbXhY="></latexit>

0
<latexit sha1_base64="ISSqgxvffGLq959x4kRqPQ4XgSc="></latexit>

0.5
<latexit sha1_base64="nCybtPajpimGzW5saX7B1+zSb8w="></latexit>�0.5

<latexit sha1_base64="7NEljsP8cmTokh/RH35BBSegXbY="></latexit>

f
<latexit sha1_base64="hh3afs2fd/8yuRlbRXtOdPCbXhY="></latexit>

0
<latexit sha1_base64="ISSqgxvffGLq959x4kRqPQ4XgSc="></latexit>

0.5
<latexit sha1_base64="nCybtPajpimGzW5saX7B1+zSb8w="></latexit>�0.5

<latexit sha1_base64="AKF4n/X3UkD/XB1PBkZV/qAT1iE=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahXkpSFHssePFYwX5AE8Jmu2mXbjZhd1Moof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMC1POlHacb6u0tb2zu1ferxwcHh2f2KdnXZVkktAOSXgi+yFWlDNBO5ppTvuppDgOOe2Fk/uF35tSqVginvQspX6MR4JFjGBtpMC2PZKoWsNLGYoCB4nrwK46dWcJtEncglShQDuwv7xhQrKYCk04VmrgOqn2cyw1I5zOK16maIrJBI/owFCBY6r8fHn5HF0ZZYiiRJoSGi3V3xM5jpWaxaHpjLEeq3VvIf7nDTIdNf2ciTTTVJDVoijjSCdoEQMaMkmJ5jNDMJHM3IrIGEtMtAmrYkJw11/eJN1G3b2tO4831VaziKMMF3AJNXDhDlrwAG3oAIEpPMMrvFm59WK9Wx+r1pJVzJzDH1ifP4fFkkE=</latexit>

cos(2⇡f0n)

<latexit sha1_base64="mOoMeGgjpLKKtP7sNd6lkuLFfKY=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahbkpSFLsRCm5cVrAPSEKYTCft0MkkzEzEErpx46+4caGIW//BnX/jpM1CWw9c7uGce5m5J0gYlcqyvo3Syura+kZ5s7K1vbO7Z+4fdGWcCkw6OGax6AdIEkY56SiqGOkngqAoYKQXjK9zv3dPhKQxv1OThHgRGnIaUoyUlnzzeOJwD17Bh7y5OJa1hptQGPoW5Ge+WbXq1gxwmdgFqYICbd/8cgcxTiPCFWZISse2EuVlSCiKGZlW3FSSBOExGhJHU44iIr1sdsUUnmplAMNY6OIKztTfGxmKpJxEgZ6MkBrJRS8X//OcVIVNL6M8SRXheP5QmDKoYphHAgdUEKzYRBOEBdV/hXiEBMJKB1fRIdiLJy+TbqNuX9St2/Nqq1nEUQZH4ATUgA0uQQvcgDboAAwewTN4BW/Gk/FivBsf89GSUewcgj8wPn8AcPSWkw==</latexit>

y[n] = x[n] cos(2⇡f0n)

<latexit sha1_base64="gTWD5zV2kG08xeRF8zeTUT+8kL0=">AAACG3icbZDLSsNAFIYnXmu9RV26GSxCS7EkRbEboeDGZQV7kTaEyXTSDp1MwsxEKCHv4cZXceNCEVeCC9/GSZuFtv4w8POdczhzfi9iVCrL+jZWVtfWNzYLW8Xtnd29ffPgsCPDWGDSxiELRc9DkjDKSVtRxUgvEgQFHiNdb3Kd1bsPREga8js1jYgToBGnPsVIaeSa9fuyX4FXcOALhBM7Teop7JX9M9+1KrC6iKsZds2SVbNmgsvGzk0J5Gq55udgGOI4IFxhhqTs21aknAQJRTEjaXEQSxIhPEEj0teWo4BIJ5ndlsJTTYbQD4V+XMEZ/T2RoEDKaeDpzgCpsVysZfC/Wj9WfsNJKI9iRTieL/JjBlUIs6DgkAqCFZtqg7Cg+q8Qj5GOQ+k4izoEe/HkZdOp1+yLmnV7Xmo28jgK4BicgDKwwSVoghvQAm2AwSN4Bq/gzXgyXox342PeumLkM0fgj4yvHzqDncc=</latexit>

Y (f) =
1

2
X(f � f0) +

1

2
X(f + f0)

<latexit sha1_base64="jbv+E0U8ZPg1FnjQwlrqsWRTBno=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEYo8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+HAHZQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6KYd3PhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+2rqleruvfXlUY9j6MIZ3AOl+DBDTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+0BjYc=</latexit>

f0
<latexit sha1_base64="YO/45FUS2BQonurx4HGuqe8Xumo=">AAAB63icbVBNSwMxEJ31s9avqkcvwSJ4sWRFsceCF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ3FuNvb219Y3Nru7RT3t3bPzisHB23TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLl9EADypVXMNzoFXiF6QKBZqDyld/GNNUMmWpIMb0fJzYICPacirYrNxPDUsInZAR6zmqiGQmyOa3ztC5U4YoirUrZdFc/T2REWnMVIauUxI7NsteLv7n9VIb1YOMqyS1TNHFoigVyMYofxwNuWbUiqkjhGrubkV0TDSh1sVTdiH4yy+vkvZVzb+p4YfraqNexFGCUziDC/DhFhpwD01oAYUxPMMrvHnSe/HevY9F65pXzJzAH3ifP1azjb4=</latexit>

�f0

<latexit sha1_base64="7q3xDJdBl2JCk11IEs9EDEoocA4=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KklR7LHgxWMF+wFpKJvtpl26yYbdiVBCf4YXD4p49dd489+4bXPQ1gcDj/dmmJkXplIYdN1vZ2Nza3tnt7RX3j84PDqunJx2jMo0422mpNK9kBouRcLbKFDyXqo5jUPJu+Hkbu53n7g2QiWPOE15ENNRIiLBKFrJ70eastyb5fXZoFJ1a+4CZJ14BalCgdag8tUfKpbFPEEmqTG+56YY5FSjYJLPyv3M8JSyCR1x39KExtwE+eLkGbm0ypBESttKkCzU3xM5jY2ZxqHtjCmOzao3F//z/AyjRpCLJM2QJ2y5KMokQUXm/5Oh0JyhnFpCmRb2VsLG1KaANqWyDcFbfXmddOo176bmPlxXm40ijhKcwwVcgQe30IR7aEEbGCh4hld4c9B5cd6dj2XrhlPMnMEfOJ8/N5CRLQ==</latexit>

1

2

<latexit sha1_base64="7q3xDJdBl2JCk11IEs9EDEoocA4=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KklR7LHgxWMF+wFpKJvtpl26yYbdiVBCf4YXD4p49dd489+4bXPQ1gcDj/dmmJkXplIYdN1vZ2Nza3tnt7RX3j84PDqunJx2jMo0422mpNK9kBouRcLbKFDyXqo5jUPJu+Hkbu53n7g2QiWPOE15ENNRIiLBKFrJ70eastyb5fXZoFJ1a+4CZJ14BalCgdag8tUfKpbFPEEmqTG+56YY5FSjYJLPyv3M8JSyCR1x39KExtwE+eLkGbm0ypBESttKkCzU3xM5jY2ZxqHtjCmOzao3F//z/AyjRpCLJM2QJ2y5KMokQUXm/5Oh0JyhnFpCmRb2VsLG1KaANqWyDcFbfXmddOo176bmPlxXm40ijhKcwwVcgQe30IR7aEEbGCh4hld4c9B5cd6dj2XrhlPMnMEfOJ8/N5CRLQ==</latexit>

1

2

<latexit sha1_base64="7HuQmFWxYIs7uaWNs+kLxj5FImQ=">AAACHnicbVDLSsNAFJ3UV62vqEs3g0WoFEtSLHZZcOOygn1AE8JkMmmHTh7MTIQS8iVu/BU3LhQRXOnfOGmz0LYHLhzOuZd773FjRoU0jB+ttLG5tb1T3q3s7R8cHunHJ30RJRyTHo5YxIcuEoTRkPQklYwMY05Q4DIycKe3uT94JFzQKHyQs5jYARqH1KcYSSU5esvyOcKpmaXNDFoeYRLV/CvfMS5hHa7z6rnn6FWjYcwBV4lZkCoo0HX0L8uLcBKQUGKGhBiZRiztFHFJMSNZxUoEiRGeojEZKRqigAg7nb+XwQuleNCPuKpQwrn6dyJFgRCzwFWdAZITsezl4jpvlEi/bac0jBNJQrxY5CcMygjmWUGPcoIlmymCMKfqVognSGUiVaIVFYK5/PIq6TcbZqth3F9XO+0ijjI4A+egBkxwAzrgDnRBD2DwBF7AG3jXnrVX7UP7XLSWtGLmFPyD9v0L9N6gdA==</latexit>

1

2
�(f � f0) +

1

2
�(f + f0)

<latexit sha1_base64="7q3xDJdBl2JCk11IEs9EDEoocA4=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KklR7LHgxWMF+wFpKJvtpl26yYbdiVBCf4YXD4p49dd489+4bXPQ1gcDj/dmmJkXplIYdN1vZ2Nza3tnt7RX3j84PDqunJx2jMo0422mpNK9kBouRcLbKFDyXqo5jUPJu+Hkbu53n7g2QiWPOE15ENNRIiLBKFrJ70eastyb5fXZoFJ1a+4CZJ14BalCgdag8tUfKpbFPEEmqTG+56YY5FSjYJLPyv3M8JSyCR1x39KExtwE+eLkGbm0ypBESttKkCzU3xM5jY2ZxqHtjCmOzao3F//z/AyjRpCLJM2QJ2y5KMokQUXm/5Oh0JyhnFpCmRb2VsLG1KaANqWyDcFbfXmddOo176bmPlxXm40ijhKcwwVcgQe30IR7aEEbGCh4hld4c9B5cd6dj2XrhlPMnMEfOJ8/N5CRLQ==</latexit>

1

2

<latexit sha1_base64="7q3xDJdBl2JCk11IEs9EDEoocA4=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KklR7LHgxWMF+wFpKJvtpl26yYbdiVBCf4YXD4p49dd489+4bXPQ1gcDj/dmmJkXplIYdN1vZ2Nza3tnt7RX3j84PDqunJx2jMo0422mpNK9kBouRcLbKFDyXqo5jUPJu+Hkbu53n7g2QiWPOE15ENNRIiLBKFrJ70eastyb5fXZoFJ1a+4CZJ14BalCgdag8tUfKpbFPEEmqTG+56YY5FSjYJLPyv3M8JSyCR1x39KExtwE+eLkGbm0ypBESttKkCzU3xM5jY2ZxqHtjCmOzao3F//z/AyjRpCLJM2QJ2y5KMokQUXm/5Oh0JyhnFpCmRb2VsLG1KaANqWyDcFbfXmddOo176bmPlxXm40ijhKcwwVcgQe30IR7aEEbGCh4hld4c9B5cd6dj2XrhlPMnMEfOJ8/N5CRLQ==</latexit>

1

2

<latexit sha1_base64="jbv+E0U8ZPg1FnjQwlrqsWRTBno=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEYo8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+HAHZQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6KYd3PhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+2rqleruvfXlUY9j6MIZ3AOl+DBDTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+0BjYc=</latexit>

f0
<latexit sha1_base64="YO/45FUS2BQonurx4HGuqe8Xumo=">AAAB63icbVBNSwMxEJ31s9avqkcvwSJ4sWRFsceCF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ3FuNvb219Y3Nru7RT3t3bPzisHB23TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLl9EADypVXMNzoFXiF6QKBZqDyld/GNNUMmWpIMb0fJzYICPacirYrNxPDUsInZAR6zmqiGQmyOa3ztC5U4YoirUrZdFc/T2REWnMVIauUxI7NsteLv7n9VIb1YOMqyS1TNHFoigVyMYofxwNuWbUiqkjhGrubkV0TDSh1sVTdiH4yy+vkvZVzb+p4YfraqNexFGCUziDC/DhFhpwD01oAYUxPMMrvHnSe/HevY9F65pXzJzAH3ifP1azjb4=</latexit>

�f0

Bandwidth of modulated signal is twice 
the bandwidth of the baseband signal.



DTFT Properties: Single Side-Band Modulation

<latexit sha1_base64="7NEljsP8cmTokh/RH35BBSegXbY="></latexit>

f
<latexit sha1_base64="hh3afs2fd/8yuRlbRXtOdPCbXhY="></latexit>

0
<latexit sha1_base64="ISSqgxvffGLq959x4kRqPQ4XgSc="></latexit>

0.5
<latexit sha1_base64="nCybtPajpimGzW5saX7B1+zSb8w="></latexit>�0.5

<latexit sha1_base64="W3eHYWKVu3ggPYviYj2xCzB/lko=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahXkoiij0WvHisYNpCG8pmu2mX7m7C7kYoob/BiwdFvPqDvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0sbm1vVPereztHxweVY9POjpOFaE+iXmseiHWlDNJfcMMp71EUSxCTrvh9C73u09UaRbLRzNLaCDwWLKIEWys5Pfq0WVlWK25DXcBtE68gtSgQHtY/RqMYpIKKg3hWOu+5yYmyLAyjHA6rwxSTRNMpnhM+5ZKLKgOssWxc3RhlRGKYmVLGrRQf09kWGg9E6HtFNhM9KqXi/95/dREzSBjMkkNlWS5KEo5MjHKP0cjpigxfGYJJorZWxGZYIWJsfnkIXirL6+TzlXDu2m4D9e1VrOIowxncA518OAWWnAPbfCBAINneIU3RzovzrvzsWwtOcXMKfyB8/kDbxSNvw==</latexit>

X(f)
<latexit sha1_base64="EW5Int/Pmx8+QYFANI+i9Y7xt2c=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVtXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AeO2Mrw==</latexit>

1

<latexit sha1_base64="7NEljsP8cmTokh/RH35BBSegXbY="></latexit>

f
<latexit sha1_base64="hh3afs2fd/8yuRlbRXtOdPCbXhY="></latexit>

0
<latexit sha1_base64="ISSqgxvffGLq959x4kRqPQ4XgSc="></latexit>

0.5
<latexit sha1_base64="nCybtPajpimGzW5saX7B1+zSb8w="></latexit>�0.5

<latexit sha1_base64="7NEljsP8cmTokh/RH35BBSegXbY="></latexit>

f
<latexit sha1_base64="hh3afs2fd/8yuRlbRXtOdPCbXhY="></latexit>

0
<latexit sha1_base64="ISSqgxvffGLq959x4kRqPQ4XgSc="></latexit>

0.5
<latexit sha1_base64="nCybtPajpimGzW5saX7B1+zSb8w="></latexit>�0.5

<latexit sha1_base64="jbv+E0U8ZPg1FnjQwlrqsWRTBno=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEYo8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+HAHZQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6KYd3PhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+2rqleruvfXlUY9j6MIZ3AOl+DBDTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+0BjYc=</latexit>

f0
<latexit sha1_base64="YO/45FUS2BQonurx4HGuqe8Xumo=">AAAB63icbVBNSwMxEJ31s9avqkcvwSJ4sWRFsceCF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ3FuNvb219Y3Nru7RT3t3bPzisHB23TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLl9EADypVXMNzoFXiF6QKBZqDyld/GNNUMmWpIMb0fJzYICPacirYrNxPDUsInZAR6zmqiGQmyOa3ztC5U4YoirUrZdFc/T2REWnMVIauUxI7NsteLv7n9VIb1YOMqyS1TNHFoigVyMYofxwNuWbUiqkjhGrubkV0TDSh1sVTdiH4yy+vkvZVzb+p4YfraqNexFGCUziDC/DhFhpwD01oAYUxPMMrvHnSe/HevY9F65pXzJzAH3ifP1azjb4=</latexit>

�f0

<latexit sha1_base64="jbv+E0U8ZPg1FnjQwlrqsWRTBno=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEYo8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+HAHZQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6KYd3PhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+2rqleruvfXlUY9j6MIZ3AOl+DBDTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+0BjYc=</latexit>

f0
<latexit sha1_base64="YO/45FUS2BQonurx4HGuqe8Xumo=">AAAB63icbVBNSwMxEJ31s9avqkcvwSJ4sWRFsceCF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ3FuNvb219Y3Nru7RT3t3bPzisHB23TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLl9EADypVXMNzoFXiF6QKBZqDyld/GNNUMmWpIMb0fJzYICPacirYrNxPDUsInZAR6zmqiGQmyOa3ztC5U4YoirUrZdFc/T2REWnMVIauUxI7NsteLv7n9VIb1YOMqyS1TNHFoigVyMYofxwNuWbUiqkjhGrubkV0TDSh1sVTdiH4yy+vkvZVzb+p4YfraqNexFGCUziDC/DhFhpwD01oAYUxPMMrvHnSe/HevY9F65pXzJzAH3ifP1azjb4=</latexit>

�f0

Bandwidth of 
modulated signal equal 

to bandwidth of 
baseband signal.

<latexit sha1_base64="ypjrqGlF25qW+3MZ1cwb0Si0Iw0=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBU9gNijkGvHiMYB6QxDA76U3GzM4uM7NCXPIlXjwo4tVP8ebfOHkcNLGgoajqprsrSATXxvO+nbX1jc2t7dxOfndv/6DgHh41dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC6nvrNR1Sax/LOjBPsRnQgecgZNVbquQW8zx7KnYSTsOcROem5Ra/kzUBWib8gRVig1nO/Ov2YpRFKwwTVuu17ielmVBnOBE7ynVRjQtmIDrBtqaQR6m42O3xCzqzSJ2GsbElDZurviYxGWo+jwHZG1Az1sjcV//PaqQkr3YzLJDUo2XxRmApiYjJNgfS5QmbE2BLKFLe3EjakijJjs8rbEPzll1dJo1zyL0ve7UWxWlnEkYMTOIVz8OEKqnADNagDgxSe4RXenCfnxXl3Puata85i5hj+wPn8Aa0Dkmo=</latexit>

ej2⇡f0n
<latexit sha1_base64="e02k4dLHd+NP5X9EbRosyEVgCgM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48V7AekoWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOVMG9f9diobm1vbO9Xd2t7+weFR/fikp5NMEdolCU/UIMSaciZp1zDD6SBVFIuQ0344vSv8/hNVmiXy0cxSGgg8kSxiBJtCin0ZjOoNt+kugNaJV5IGlOiM6l/DcUIyQaUhHGvte25qghwrwwin89ow0zTFZIon1LdUYkF1kC9unaMLq4xRlChb0qCF+nsix0LrmQhtp8Am1qteIf7n+ZmJWkHOZJoZKslyUZRxZBJUPI7GTFFi+MwSTBSztyISY4WJsfHUbAje6svrpHfV9G6a7sN1o90q46jCGZzDJXhwC224hw50gUAMz/AKb45wXpx352PZWnHKmVP4A+fzB/sNjio=</latexit>

h[n]
<latexit sha1_base64="X6dwVQwqUZhkdkWFXJds8pZBTTQ=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSIIQklEsceCF49V7Ae0oWy2m3btZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2L1gOOE+xEdKBEKRtFK9+ePvVLZrbgzkGXi5aQMOeq90le3H7M04gqZpMZ0PDdBP6MaBZN8UuymhieUjeiAdyxVNOLGz2aXTsipVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxrPqZUEmKXLH5ojCVBGMyfZv0heYM5dgSyrSwtxI2pJoytOEUbQje4svLpHlR8a4q7t1luVbN4yjAMZzAGXhwDTW4hTo0gEEIz/AKb87IeXHenY9564qTzxzBHzifPzWbjR0=</latexit>

+j

<latexit sha1_base64="fM+F0B6Y4WoPRHAvVHtAC46zChk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEYo8FLx4r2A9IQ9lsN+3S3U3Y3Ygl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfog15UzSjmGG036iKBYhp71wepv7vUeqNIvlg5klNBB4LFnECDa59OTLYFituXV3AbROvILUoEB7WP0ajGKSCioN4Vhr33MTE2RYGUY4nVcGqaYJJlM8pr6lEguqg2xx6xxdWGWEoljZkgYt1N8TGRZaz0RoOwU2E73q5eJ/np+aqBlkTCapoZIsF0UpRyZG+eNoxBQlhs8swUQxeysiE6wwMTaeig3BW315nXSv6l6j7t5f11rNIo4ynME5XIIHN9CCO2hDBwhM4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gATjI46</latexit>

x[n] Real
Hilbert trans. Mod.

<latexit sha1_base64="GUFl6n+K8g8Iz8L7Fu6dJws0GWw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48V7AekoWy2m3bp7ibsboQQ+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMSaciZp1zDD6SBRFIuQ0344uyv8/hNVmsXy0WQJDQSeSBYxgk0hZb4MRvWG23QXQOvEK0kDSnRG9a/hOCapoNIQjrX2PTcxQY6VYYTTeW2YappgMsMT6lsqsaA6yBe3ztGFVcYoipUtadBC/T2RY6F1JkLbKbCZ6lWvEP/z/NRErSBnMkkNlWS5KEo5MjEqHkdjpigxPLMEE8XsrYhMscLE2HhqNgRv9eV10rtqejdN9+G60W6VcVThDM7hEjy4hTbcQwe6QGAKz/AKb45wXpx352PZWnHKmVP4A+fzBxUTjjs=</latexit>

y[n]

<latexit sha1_base64="EW5Int/Pmx8+QYFANI+i9Y7xt2c=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVtXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AeO2Mrw==</latexit>

1

<latexit sha1_base64="7NEljsP8cmTokh/RH35BBSegXbY="></latexit>

f
<latexit sha1_base64="hh3afs2fd/8yuRlbRXtOdPCbXhY="></latexit>

0
<latexit sha1_base64="ISSqgxvffGLq959x4kRqPQ4XgSc="></latexit>

0.5
<latexit sha1_base64="nCybtPajpimGzW5saX7B1+zSb8w="></latexit>�0.5

<latexit sha1_base64="s/rvr1KDBjlp3gLDF0B4HEnc1+k=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KklR7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUrA5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvpuI2r8v1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AenGMsA==</latexit>

2

<latexit sha1_base64="l0PLH7yr2dLidXWTXOWRASk+K+k=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBHqwZKIYo8FLx4r2A9oQ9lsJu3SzSbubgol9Hd48aCIV3+MN/+N2zYHbX0w8Hhvhpl5fsKZ0o7zba2tb2xubRd2irt7+weHpaPjlopTSbFJYx7Ljk8UciawqZnm2Ekkksjn2PZHdzO/PUapWCwe9SRBLyIDwUJGiTaS1wuQa1IJL8O+c9EvlZ2qM4e9StyclCFHo1/66gUxTSMUmnKiVNd1Eu1lRGpGOU6LvVRhQuiIDLBrqCARKi+bHz21z40S2GEsTQltz9XfExmJlJpEvumMiB6qZW8m/ud1Ux3WvIyJJNUo6GJRmHJbx/YsATtgEqnmE0MIlczcatMhkYRqk1PRhOAuv7xKWldV96bqPFyX67U8jgKcwhlUwIVbqMM9NKAJFJ7gGV7hzRpbL9a79bFoXbPymRP4A+vzB3Y0kTU=</latexit>

�(f � f0)

<latexit sha1_base64="7NEljsP8cmTokh/RH35BBSegXbY="></latexit>

f
<latexit sha1_base64="hh3afs2fd/8yuRlbRXtOdPCbXhY="></latexit>

0
<latexit sha1_base64="ISSqgxvffGLq959x4kRqPQ4XgSc="></latexit>

0.5
<latexit sha1_base64="nCybtPajpimGzW5saX7B1+zSb8w="></latexit>�0.5

<latexit sha1_base64="jbv+E0U8ZPg1FnjQwlrqsWRTBno=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEYo8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+HAHZQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6KYd3PhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+2rqleruvfXlUY9j6MIZ3AOl+DBDTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+0BjYc=</latexit>

f0
<latexit sha1_base64="YO/45FUS2BQonurx4HGuqe8Xumo=">AAAB63icbVBNSwMxEJ31s9avqkcvwSJ4sWRFsceCF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ3FuNvb219Y3Nru7RT3t3bPzisHB23TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLl9EADypVXMNzoFXiF6QKBZqDyld/GNNUMmWpIMb0fJzYICPacirYrNxPDUsInZAR6zmqiGQmyOa3ztC5U4YoirUrZdFc/T2REWnMVIauUxI7NsteLv7n9VIb1YOMqyS1TNHFoigVyMYofxwNuWbUiqkjhGrubkV0TDSh1sVTdiH4yy+vkvZVzb+p4YfraqNexFGCUziDC/DhFhpwD01oAYUxPMMrvHnSe/HevY9F65pXzJzAH3ifP1azjb4=</latexit>

�f0

<latexit sha1_base64="s/rvr1KDBjlp3gLDF0B4HEnc1+k=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KklR7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUrA5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvpuI2r8v1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AenGMsA==</latexit>

2

<latexit sha1_base64="M8ddmh0eEQ+0c6cUGt/guoH0iZQ=">AAAB+nicbVDLTgIxFL2DL8TXoEs3jcQEN2SGaGRjQnTjEhMHSGBCOqUDDZ1H2o6GjHyKGxca49Yvceff2IFZKHiS9p6cc296e7yYM6ks69sorK1vbG4Vt0s7u3v7B2b5sC2jRBDqkIhHouthSTkLqaOY4rQbC4oDj9OON7nJ/M4DFZJF4b2axtQN8ChkPiNYaWlglq+r/hm6QnUnq119DcyKVbPmQKvEzkkFcrQG5ld/GJEkoKEiHEvZs61YuSkWihFOZ6V+ImmMyQSPaE/TEAdUuul89Rk61coQ+ZHQJ1Rorv6eSHEg5TTwdGeA1Vgue5n4n9dLlN9wUxbGiaIhWTzkJxypCGU5oCETlCg+1QQTwfSuiIyxwETptEo6BHv5y6ukXa/ZFzXr7rzSbORxFOEYTqAKNlxCE26hBQ4QeIRneIU348l4Md6Nj0VrwchnjuAPjM8f+MGRMg==</latexit>

B(f) = 2U(f)X(f)

<latexit sha1_base64="qUegWyejH8FxOAb27+6UC1keehk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48VTFtIQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5UcqZNq777VQ2Nre2d6q7tb39g8Oj+vFJVyeZItQnCU9UP8Kaciapb5jhtJ8qikXEaS+a3hV+74kqzRL5aGYpDQUeSxYzgk0hRYEMh/WG23QXQOvEK0kDSnSG9a/BKCGZoNIQjrUOPDc1YY6VYYTTeW2QaZpiMsVjGlgqsaA6zBe3ztGFVUYoTpQtadBC/T2RY6H1TES2U2Az0ateIf7nBZmJW2HOZJoZKslyUZxxZBJUPI5GTFFi+MwSTBSztyIywQoTY+Op2RC81ZfXSfeq6d003YfrRrtVxlGFMziHS/DgFtpwDx3wgcAEnuEV3hzhvDjvzseyteKUM6fwB87nD/HjjiQ=</latexit>

b[n]

<latexit sha1_base64="3ENxBre6NLcMH8fU2xXHm7kJ2zI=">AAAB+HicbVBNS8NAEJ34WetHox69LBahPVgSUexFKPbisYL9gDaEzXbTLt1swu5GqKW/xIsHRbz6U7z5b9y2OWjrg4HHezPMzAsSzpR2nG9rbX1jc2s7t5Pf3ds/KNiHRy0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB6P6zG8/UqlYLB70OKFehAeChYxgbSTfLtRLYRndoNtSeB76Ttm3i07FmQOtEjcjRcjQ8O2vXj8maUSFJhwr1XWdRHsTLDUjnE7zvVTRBJMRHtCuoQJHVHmT+eFTdGaUPgpjaUpoNFd/T0xwpNQ4CkxnhPVQLXsz8T+vm+qw6k2YSFJNBVksClOOdIxmKaA+k5RoPjYEE8nMrYgMscREm6zyJgR3+eVV0rqouFcV5/6yWKtmceTgBE6hBC5cQw3uoAFNIJDCM7zCm/VkvVjv1seidc3KZo7hD6zPHy1+kM0=</latexit>

C(f) = B(f � f0)

<latexit sha1_base64="NVBncYEJ3PPOcITh1udHOeIO9O0=">AAACGXicbVDJSgNBEO2JW4xb1KOXxiAkiGEmKOYiBHLxGMEskhlDT6cnadKz0F0jhGF+w4u/4sWDIh715N/YWQ6a+KDg8V4VVfXcSHAFpvltZFZW19Y3spu5re2d3b38/kFLhbGkrElDEcqOSxQTPGBN4CBYJ5KM+K5gbXdUn/jtByYVD4NbGEfM8ckg4B6nBLTUy5t3Ra+Er7DtSUITK00qqS2YB8X6RD/F9XubKCieeSVb8sEQSr18wSybU+BlYs1JAc3R6OU/7X5IY58FQAVRqmuZETgJkcCpYGnOjhWLCB2RAetqGhCfKSeZfpbiE630sRdKXQHgqfp7IiG+UmPf1Z0+gaFa9Cbif143Bq/qJDyIYmABnS3yYoEhxJOYcJ9LRkGMNSFUcn0rpkOiMwIdZk6HYC2+vExalbJ1UTZvzgu16jyOLDpCx6iILHSJaugaNVATUfSIntErejOejBfj3fiYtWaM+cwh+gPj6wfrhJ29</latexit>

Y (f) =
1

2
(C(f) + C⇤(�f))

<latexit sha1_base64="EW5Int/Pmx8+QYFANI+i9Y7xt2c=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVtXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AeO2Mrw==</latexit>

1
<latexit sha1_base64="EW5Int/Pmx8+QYFANI+i9Y7xt2c=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVtXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AeO2Mrw==</latexit>

1

<latexit sha1_base64="BltbtyJe7TKve/f2iXYKr6GdyNA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48VTFtIQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5UcqZNq777VQ2Nre2d6q7tb39g8Oj+vFJVyeZItQnCU9UP8Kaciapb5jhtJ8qikXEaS+a3hV+74kqzRL5aGYpDQUeSxYzgk0hkUCGw3rDbboLoHXilaQBJTrD+tdglJBMUGkIx1oHnpuaMMfKMMLpvDbINE0xmeIxDSyVWFAd5otb5+jCKiMUJ8qWNGih/p7IsdB6JiLbKbCZ6FWvEP/zgszErTBnMs0MlWS5KM44MgkqHkcjpigxfGYJJorZWxGZYIWJsfHUbAje6svrpHvV9G6a7sN1o90q46jCGZzDJXhwC224hw74QGACz/AKb45wXpx352PZWnHKmVP4A+fzB/NqjiU=</latexit>

c[n]



DTFT Properties: Equivalent Block Diagrams

<latexit sha1_base64="ypjrqGlF25qW+3MZ1cwb0Si0Iw0=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBU9gNijkGvHiMYB6QxDA76U3GzM4uM7NCXPIlXjwo4tVP8ebfOHkcNLGgoajqprsrSATXxvO+nbX1jc2t7dxOfndv/6DgHh41dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC6nvrNR1Sax/LOjBPsRnQgecgZNVbquQW8zx7KnYSTsOcROem5Ra/kzUBWib8gRVig1nO/Ov2YpRFKwwTVuu17ielmVBnOBE7ynVRjQtmIDrBtqaQR6m42O3xCzqzSJ2GsbElDZurviYxGWo+jwHZG1Az1sjcV//PaqQkr3YzLJDUo2XxRmApiYjJNgfS5QmbE2BLKFLe3EjakijJjs8rbEPzll1dJo1zyL0ve7UWxWlnEkYMTOIVz8OEKqnADNagDgxSe4RXenCfnxXl3Puata85i5hj+wPn8Aa0Dkmo=</latexit>

ej2⇡f0n
<latexit sha1_base64="e02k4dLHd+NP5X9EbRosyEVgCgM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48V7AekoWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOVMG9f9diobm1vbO9Xd2t7+weFR/fikp5NMEdolCU/UIMSaciZp1zDD6SBVFIuQ0344vSv8/hNVmiXy0cxSGgg8kSxiBJtCin0ZjOoNt+kugNaJV5IGlOiM6l/DcUIyQaUhHGvte25qghwrwwin89ow0zTFZIon1LdUYkF1kC9unaMLq4xRlChb0qCF+nsix0LrmQhtp8Am1qteIf7n+ZmJWkHOZJoZKslyUZRxZBJUPI7GTFFi+MwSTBSztyISY4WJsfHUbAje6svrpHfV9G6a7sN1o90q46jCGZzDJXhwC224hw50gUAMz/AKb45wXpx352PZWnHKmVP4A+fzB/sNjio=</latexit>

h[n]
<latexit sha1_base64="X6dwVQwqUZhkdkWFXJds8pZBTTQ=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSIIQklEsceCF49V7Ae0oWy2m3btZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2L1gOOE+xEdKBEKRtFK9+ePvVLZrbgzkGXi5aQMOeq90le3H7M04gqZpMZ0PDdBP6MaBZN8UuymhieUjeiAdyxVNOLGz2aXTsipVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxrPqZUEmKXLH5ojCVBGMyfZv0heYM5dgSyrSwtxI2pJoytOEUbQje4svLpHlR8a4q7t1luVbN4yjAMZzAGXhwDTW4hTo0gEEIz/AKb87IeXHenY9564qTzxzBHzifPzWbjR0=</latexit>

+j

<latexit sha1_base64="fM+F0B6Y4WoPRHAvVHtAC46zChk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEYo8FLx4r2A9IQ9lsN+3S3U3Y3Ygl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfog15UzSjmGG036iKBYhp71wepv7vUeqNIvlg5klNBB4LFnECDa59OTLYFituXV3AbROvILUoEB7WP0ajGKSCioN4Vhr33MTE2RYGUY4nVcGqaYJJlM8pr6lEguqg2xx6xxdWGWEoljZkgYt1N8TGRZaz0RoOwU2E73q5eJ/np+aqBlkTCapoZIsF0UpRyZG+eNoxBQlhs8swUQxeysiE6wwMTaeig3BW315nXSv6l6j7t5f11rNIo4ynME5XIIHN9CCO2hDBwhM4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gATjI46</latexit>

x[n] Real
Hilbert trans. Mod.

<latexit sha1_base64="GUFl6n+K8g8Iz8L7Fu6dJws0GWw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48V7AekoWy2m3bp7ibsboQQ+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMSaciZp1zDD6SBRFIuQ0344uyv8/hNVmsXy0WQJDQSeSBYxgk0hZb4MRvWG23QXQOvEK0kDSnRG9a/hOCapoNIQjrX2PTcxQY6VYYTTeW2YappgMsMT6lsqsaA6yBe3ztGFVcYoipUtadBC/T2RY6F1JkLbKbCZ6lWvEP/z/NRErSBnMkkNlWS5KEo5MjEqHkdjpigxPLMEE8XsrYhMscLE2HhqNgRv9eV10rtqejdN9+G60W6VcVThDM7hEjy4hTbcQwe6QGAKz/AKb45wXpx352PZWnHKmVP4A+fzBxUTjjs=</latexit>

y[n]<latexit sha1_base64="qUegWyejH8FxOAb27+6UC1keehk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48VTFtIQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5UcqZNq777VQ2Nre2d6q7tb39g8Oj+vFJVyeZItQnCU9UP8Kaciapb5jhtJ8qikXEaS+a3hV+74kqzRL5aGYpDQUeSxYzgk0hRYEMh/WG23QXQOvEK0kDSnSG9a/BKCGZoNIQjrUOPDc1YY6VYYTTeW2QaZpiMsVjGlgqsaA6zBe3ztGFVUYoTpQtadBC/T2RY6H1TES2U2Az0ateIf7nBZmJW2HOZJoZKslyUZxxZBJUPI5GTFFi+MwSTBSztyIywQoTY+Op2RC81ZfXSfeq6d003YfrRrtVxlGFMziHS/DgFtpwDx3wgcAEnuEV3hzhvDjvzseyteKUM6fwB87nD/HjjiQ=</latexit>

b[n]
<latexit sha1_base64="BltbtyJe7TKve/f2iXYKr6GdyNA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48VTFtIQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5UcqZNq777VQ2Nre2d6q7tb39g8Oj+vFJVyeZItQnCU9UP8Kaciapb5jhtJ8qikXEaS+a3hV+74kqzRL5aGYpDQUeSxYzgk0hkUCGw3rDbboLoHXilaQBJTrD+tdglJBMUGkIx1oHnpuaMMfKMMLpvDbINE0xmeIxDSyVWFAd5otb5+jCKiMUJ8qWNGih/p7IsdB6JiLbKbCZ6FWvEP/zgszErTBnMs0MlWS5KM44MgkqHkcjpigxfGYJJorZWxGZYIWJsfHUbAje6svrpHvV9G6a7sN1o90q46jCGZzDJXhwC224hw74QGACz/AKb45wXpx352PZWnHKmVP4A+fzB/NqjiU=</latexit>

c[n]

<latexit sha1_base64="ZGTfWzf2nTjevw+njxImjyZ4sKo="></latexit>

Real {(br + jbi)(c+ js)} = br · c� bi · s

<latexit sha1_base64="e02k4dLHd+NP5X9EbRosyEVgCgM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48V7AekoWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOVMG9f9diobm1vbO9Xd2t7+weFR/fikp5NMEdolCU/UIMSaciZp1zDD6SBVFIuQ0344vSv8/hNVmiXy0cxSGgg8kSxiBJtCin0ZjOoNt+kugNaJV5IGlOiM6l/DcUIyQaUhHGvte25qghwrwwin89ow0zTFZIon1LdUYkF1kC9unaMLq4xRlChb0qCF+nsix0LrmQhtp8Am1qteIf7n+ZmJWkHOZJoZKslyUZRxZBJUPI7GTFFi+MwSTBSztyISY4WJsfHUbAje6svrpHfV9G6a7sN1o90q46jCGZzDJXhwC224hw50gUAMz/AKb45wXpx352PZWnHKmVP4A+fzB/sNjio=</latexit>

h[n]

<latexit sha1_base64="fM+F0B6Y4WoPRHAvVHtAC46zChk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEYo8FLx4r2A9IQ9lsN+3S3U3Y3Ygl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfog15UzSjmGG036iKBYhp71wepv7vUeqNIvlg5klNBB4LFnECDa59OTLYFituXV3AbROvILUoEB7WP0ajGKSCioN4Vhr33MTE2RYGUY4nVcGqaYJJlM8pr6lEguqg2xx6xxdWGWEoljZkgYt1N8TGRZaz0RoOwU2E73q5eJ/np+aqBlkTCapoZIsF0UpRyZG+eNoxBQlhs8swUQxeysiE6wwMTaeig3BW315nXSv6l6j7t5f11rNIo4ynME5XIIHN9CCO2hDBwhM4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gATjI46</latexit>

x[n]

<latexit sha1_base64="AKF4n/X3UkD/XB1PBkZV/qAT1iE=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahXkpSFHssePFYwX5AE8Jmu2mXbjZhd1Moof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMC1POlHacb6u0tb2zu1ferxwcHh2f2KdnXZVkktAOSXgi+yFWlDNBO5ppTvuppDgOOe2Fk/uF35tSqVginvQspX6MR4JFjGBtpMC2PZKoWsNLGYoCB4nrwK46dWcJtEncglShQDuwv7xhQrKYCk04VmrgOqn2cyw1I5zOK16maIrJBI/owFCBY6r8fHn5HF0ZZYiiRJoSGi3V3xM5jpWaxaHpjLEeq3VvIf7nDTIdNf2ciTTTVJDVoijjSCdoEQMaMkmJ5jNDMJHM3IrIGEtMtAmrYkJw11/eJN1G3b2tO4831VaziKMMF3AJNXDhDlrwAG3oAIEpPMMrvFm59WK9Wx+r1pJVzJzDH1ifP4fFkkE=</latexit>

cos(2⇡f0n)

<latexit sha1_base64="hEEg+TvxXxYmGYiIRWYL1A1oTAM=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0WoB0tSFHssePFYwX5AE8Jmu2mXbjZhd6OU2p/ixYMiXv0l3vw3btsctPXBwOO9GWbmhSlnSjvOt7W2vrG5tV3YKe7u7R8c2qWjtkoySWiLJDyR3RArypmgLc00p91UUhyHnHbC0c3M7zxQqVgi7vU4pX6MB4JFjGBtpMAuXXiKiUrNSxmKAgeJ88AuO1VnDrRK3JyUIUczsL+8fkKymApNOFaq5zqp9idYakY4nRa9TNEUkxEe0J6hAsdU+ZP56VN0ZpQ+ihJpSmg0V39PTHCs1DgOTWeM9VAtezPxP6+X6ajuT5hIM00FWSyKMo50gmY5oD6TlGg+NgQTycytiAyxxESbtIomBHf55VXSrlXdq6pzd1lu1PM4CnACp1ABF66hAbfQhBYQeIRneIU368l6sd6tj0XrmpXPHMMfWJ8/+9SSfQ==</latexit>

� sin(2⇡f0n)

<latexit sha1_base64="GUFl6n+K8g8Iz8L7Fu6dJws0GWw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48V7AekoWy2m3bp7ibsboQQ+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMSaciZp1zDD6SBRFIuQ0344uyv8/hNVmsXy0WQJDQSeSBYxgk0hZb4MRvWG23QXQOvEK0kDSnRG9a/hOCapoNIQjrX2PTcxQY6VYYTTeW2YappgMsMT6lsqsaA6yBe3ztGFVcYoipUtadBC/T2RY6F1JkLbKbCZ6lWvEP/z/NRErSBnMkkNlWS5KEo5MjEqHkdjpigxPLMEE8XsrYhMscLE2HhqNgRv9eV10rtqejdN9+G60W6VcVThDM7hEjy4hTbcQwe6QGAKz/AKb45wXpx352PZWnHKmVP4A+fzBxUTjjs=</latexit>

y[n]

Work through spectral 
plots to show equivalence 

of these two systems.



DTFT Properties: Frequencies that Avoid Overlap

<latexit sha1_base64="7NEljsP8cmTokh/RH35BBSegXbY="></latexit>

f
<latexit sha1_base64="hh3afs2fd/8yuRlbRXtOdPCbXhY="></latexit>

0
<latexit sha1_base64="ISSqgxvffGLq959x4kRqPQ4XgSc="></latexit>

0.5
<latexit sha1_base64="nCybtPajpimGzW5saX7B1+zSb8w="></latexit>�0.5

<latexit sha1_base64="W3eHYWKVu3ggPYviYj2xCzB/lko=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahXkoiij0WvHisYNpCG8pmu2mX7m7C7kYoob/BiwdFvPqDvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0sbm1vVPereztHxweVY9POjpOFaE+iXmseiHWlDNJfcMMp71EUSxCTrvh9C73u09UaRbLRzNLaCDwWLKIEWys5Pfq0WVlWK25DXcBtE68gtSgQHtY/RqMYpIKKg3hWOu+5yYmyLAyjHA6rwxSTRNMpnhM+5ZKLKgOssWxc3RhlRGKYmVLGrRQf09kWGg9E6HtFNhM9KqXi/95/dREzSBjMkkNlWS5KEo5MjHKP0cjpigxfGYJJorZWxGZYIWJsfnkIXirL6+TzlXDu2m4D9e1VrOIowxncA518OAWWnAPbfCBAINneIU3RzovzrvzsWwtOcXMKfyB8/kDbxSNvw==</latexit>

X(f)

<latexit sha1_base64="EW5Int/Pmx8+QYFANI+i9Y7xt2c=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVtXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AeO2Mrw==</latexit>

1

<latexit sha1_base64="7NEljsP8cmTokh/RH35BBSegXbY="></latexit>

f
<latexit sha1_base64="hh3afs2fd/8yuRlbRXtOdPCbXhY="></latexit>

0
<latexit sha1_base64="ISSqgxvffGLq959x4kRqPQ4XgSc="></latexit>

0.5
<latexit sha1_base64="nCybtPajpimGzW5saX7B1+zSb8w="></latexit>�0.5

<latexit sha1_base64="7NEljsP8cmTokh/RH35BBSegXbY="></latexit>

f
<latexit sha1_base64="hh3afs2fd/8yuRlbRXtOdPCbXhY="></latexit>

0
<latexit sha1_base64="ISSqgxvffGLq959x4kRqPQ4XgSc="></latexit>

0.5
<latexit sha1_base64="nCybtPajpimGzW5saX7B1+zSb8w="></latexit>�0.5

<latexit sha1_base64="jbv+E0U8ZPg1FnjQwlrqsWRTBno=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEYo8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+HAHZQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6KYd3PhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+2rqleruvfXlUY9j6MIZ3AOl+DBDTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+0BjYc=</latexit>

f0
<latexit sha1_base64="YO/45FUS2BQonurx4HGuqe8Xumo=">AAAB63icbVBNSwMxEJ31s9avqkcvwSJ4sWRFsceCF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ3FuNvb219Y3Nru7RT3t3bPzisHB23TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLl9EADypVXMNzoFXiF6QKBZqDyld/GNNUMmWpIMb0fJzYICPacirYrNxPDUsInZAR6zmqiGQmyOa3ztC5U4YoirUrZdFc/T2REWnMVIauUxI7NsteLv7n9VIb1YOMqyS1TNHFoigVyMYofxwNuWbUiqkjhGrubkV0TDSh1sVTdiH4yy+vkvZVzb+p4YfraqNexFGCUziDC/DhFhpwD01oAYUxPMMrvHnSe/HevY9F65pXzJzAH3ifP1azjb4=</latexit>

�f0

<latexit sha1_base64="7q3xDJdBl2JCk11IEs9EDEoocA4=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KklR7LHgxWMF+wFpKJvtpl26yYbdiVBCf4YXD4p49dd489+4bXPQ1gcDj/dmmJkXplIYdN1vZ2Nza3tnt7RX3j84PDqunJx2jMo0422mpNK9kBouRcLbKFDyXqo5jUPJu+Hkbu53n7g2QiWPOE15ENNRIiLBKFrJ70eastyb5fXZoFJ1a+4CZJ14BalCgdag8tUfKpbFPEEmqTG+56YY5FSjYJLPyv3M8JSyCR1x39KExtwE+eLkGbm0ypBESttKkCzU3xM5jY2ZxqHtjCmOzao3F//z/AyjRpCLJM2QJ2y5KMokQUXm/5Oh0JyhnFpCmRb2VsLG1KaANqWyDcFbfXmddOo176bmPlxXm40ijhKcwwVcgQe30IR7aEEbGCh4hld4c9B5cd6dj2XrhlPMnMEfOJ8/N5CRLQ==</latexit>

1

2

<latexit sha1_base64="7q3xDJdBl2JCk11IEs9EDEoocA4=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KklR7LHgxWMF+wFpKJvtpl26yYbdiVBCf4YXD4p49dd489+4bXPQ1gcDj/dmmJkXplIYdN1vZ2Nza3tnt7RX3j84PDqunJx2jMo0422mpNK9kBouRcLbKFDyXqo5jUPJu+Hkbu53n7g2QiWPOE15ENNRIiLBKFrJ70eastyb5fXZoFJ1a+4CZJ14BalCgdag8tUfKpbFPEEmqTG+56YY5FSjYJLPyv3M8JSyCR1x39KExtwE+eLkGbm0ypBESttKkCzU3xM5jY2ZxqHtjCmOzao3F//z/AyjRpCLJM2QJ2y5KMokQUXm/5Oh0JyhnFpCmRb2VsLG1KaANqWyDcFbfXmddOo176bmPlxXm40ijhKcwwVcgQe30IR7aEEbGCh4hld4c9B5cd6dj2XrhlPMnMEfOJ8/N5CRLQ==</latexit>

1

2

<latexit sha1_base64="7q3xDJdBl2JCk11IEs9EDEoocA4=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KklR7LHgxWMF+wFpKJvtpl26yYbdiVBCf4YXD4p49dd489+4bXPQ1gcDj/dmmJkXplIYdN1vZ2Nza3tnt7RX3j84PDqunJx2jMo0422mpNK9kBouRcLbKFDyXqo5jUPJu+Hkbu53n7g2QiWPOE15ENNRIiLBKFrJ70eastyb5fXZoFJ1a+4CZJ14BalCgdag8tUfKpbFPEEmqTG+56YY5FSjYJLPyv3M8JSyCR1x39KExtwE+eLkGbm0ypBESttKkCzU3xM5jY2ZxqHtjCmOzao3F//z/AyjRpCLJM2QJ2y5KMokQUXm/5Oh0JyhnFpCmRb2VsLG1KaANqWyDcFbfXmddOo176bmPlxXm40ijhKcwwVcgQe30IR7aEEbGCh4hld4c9B5cd6dj2XrhlPMnMEfOJ8/N5CRLQ==</latexit>

1

2

<latexit sha1_base64="7q3xDJdBl2JCk11IEs9EDEoocA4=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KklR7LHgxWMF+wFpKJvtpl26yYbdiVBCf4YXD4p49dd489+4bXPQ1gcDj/dmmJkXplIYdN1vZ2Nza3tnt7RX3j84PDqunJx2jMo0422mpNK9kBouRcLbKFDyXqo5jUPJu+Hkbu53n7g2QiWPOE15ENNRIiLBKFrJ70eastyb5fXZoFJ1a+4CZJ14BalCgdag8tUfKpbFPEEmqTG+56YY5FSjYJLPyv3M8JSyCR1x39KExtwE+eLkGbm0ypBESttKkCzU3xM5jY2ZxqHtjCmOzao3F//z/AyjRpCLJM2QJ2y5KMokQUXm/5Oh0JyhnFpCmRb2VsLG1KaANqWyDcFbfXmddOo176bmPlxXm40ijhKcwwVcgQe30IR7aEEbGCh4hld4c9B5cd6dj2XrhlPMnMEfOJ8/N5CRLQ==</latexit>

1

2

<latexit sha1_base64="jbv+E0U8ZPg1FnjQwlrqsWRTBno=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEYo8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+HAHZQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6KYd3PhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+2rqleruvfXlUY9j6MIZ3AOl+DBDTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+0BjYc=</latexit>

f0
<latexit sha1_base64="YO/45FUS2BQonurx4HGuqe8Xumo=">AAAB63icbVBNSwMxEJ31s9avqkcvwSJ4sWRFsceCF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ3FuNvb219Y3Nru7RT3t3bPzisHB23TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLl9EADypVXMNzoFXiF6QKBZqDyld/GNNUMmWpIMb0fJzYICPacirYrNxPDUsInZAR6zmqiGQmyOa3ztC5U4YoirUrZdFc/T2REWnMVIauUxI7NsteLv7n9VIb1YOMqyS1TNHFoigVyMYofxwNuWbUiqkjhGrubkV0TDSh1sVTdiH4yy+vkvZVzb+p4YfraqNexFGCUziDC/DhFhpwD01oAYUxPMMrvHnSe/HevY9F65pXzJzAH3ifP1azjb4=</latexit>

�f0

Carrier frequency too low.

<latexit sha1_base64="7NEljsP8cmTokh/RH35BBSegXbY="></latexit>

f
<latexit sha1_base64="hh3afs2fd/8yuRlbRXtOdPCbXhY="></latexit>

0
<latexit sha1_base64="ISSqgxvffGLq959x4kRqPQ4XgSc="></latexit>

0.5
<latexit sha1_base64="nCybtPajpimGzW5saX7B1+zSb8w="></latexit>�0.5

<latexit sha1_base64="7NEljsP8cmTokh/RH35BBSegXbY="></latexit>

f
<latexit sha1_base64="hh3afs2fd/8yuRlbRXtOdPCbXhY="></latexit>

0
<latexit sha1_base64="ISSqgxvffGLq959x4kRqPQ4XgSc="></latexit>

0.5
<latexit sha1_base64="nCybtPajpimGzW5saX7B1+zSb8w="></latexit>�0.5

<latexit sha1_base64="jbv+E0U8ZPg1FnjQwlrqsWRTBno=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEYo8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+HAHZQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6KYd3PhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+2rqleruvfXlUY9j6MIZ3AOl+DBDTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+0BjYc=</latexit>

f0
<latexit sha1_base64="YO/45FUS2BQonurx4HGuqe8Xumo=">AAAB63icbVBNSwMxEJ31s9avqkcvwSJ4sWRFsceCF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ3FuNvb219Y3Nru7RT3t3bPzisHB23TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLl9EADypVXMNzoFXiF6QKBZqDyld/GNNUMmWpIMb0fJzYICPacirYrNxPDUsInZAR6zmqiGQmyOa3ztC5U4YoirUrZdFc/T2REWnMVIauUxI7NsteLv7n9VIb1YOMqyS1TNHFoigVyMYofxwNuWbUiqkjhGrubkV0TDSh1sVTdiH4yy+vkvZVzb+p4YfraqNexFGCUziDC/DhFhpwD01oAYUxPMMrvHnSe/HevY9F65pXzJzAH3ifP1azjb4=</latexit>

�f0

<latexit sha1_base64="7q3xDJdBl2JCk11IEs9EDEoocA4=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KklR7LHgxWMF+wFpKJvtpl26yYbdiVBCf4YXD4p49dd489+4bXPQ1gcDj/dmmJkXplIYdN1vZ2Nza3tnt7RX3j84PDqunJx2jMo0422mpNK9kBouRcLbKFDyXqo5jUPJu+Hkbu53n7g2QiWPOE15ENNRIiLBKFrJ70eastyb5fXZoFJ1a+4CZJ14BalCgdag8tUfKpbFPEEmqTG+56YY5FSjYJLPyv3M8JSyCR1x39KExtwE+eLkGbm0ypBESttKkCzU3xM5jY2ZxqHtjCmOzao3F//z/AyjRpCLJM2QJ2y5KMokQUXm/5Oh0JyhnFpCmRb2VsLG1KaANqWyDcFbfXmddOo176bmPlxXm40ijhKcwwVcgQe30IR7aEEbGCh4hld4c9B5cd6dj2XrhlPMnMEfOJ8/N5CRLQ==</latexit>

1

2

<latexit sha1_base64="7q3xDJdBl2JCk11IEs9EDEoocA4=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KklR7LHgxWMF+wFpKJvtpl26yYbdiVBCf4YXD4p49dd489+4bXPQ1gcDj/dmmJkXplIYdN1vZ2Nza3tnt7RX3j84PDqunJx2jMo0422mpNK9kBouRcLbKFDyXqo5jUPJu+Hkbu53n7g2QiWPOE15ENNRIiLBKFrJ70eastyb5fXZoFJ1a+4CZJ14BalCgdag8tUfKpbFPEEmqTG+56YY5FSjYJLPyv3M8JSyCR1x39KExtwE+eLkGbm0ypBESttKkCzU3xM5jY2ZxqHtjCmOzao3F//z/AyjRpCLJM2QJ2y5KMokQUXm/5Oh0JyhnFpCmRb2VsLG1KaANqWyDcFbfXmddOo176bmPlxXm40ijhKcwwVcgQe30IR7aEEbGCh4hld4c9B5cd6dj2XrhlPMnMEfOJ8/N5CRLQ==</latexit>

1

2

<latexit sha1_base64="7q3xDJdBl2JCk11IEs9EDEoocA4=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KklR7LHgxWMF+wFpKJvtpl26yYbdiVBCf4YXD4p49dd489+4bXPQ1gcDj/dmmJkXplIYdN1vZ2Nza3tnt7RX3j84PDqunJx2jMo0422mpNK9kBouRcLbKFDyXqo5jUPJu+Hkbu53n7g2QiWPOE15ENNRIiLBKFrJ70eastyb5fXZoFJ1a+4CZJ14BalCgdag8tUfKpbFPEEmqTG+56YY5FSjYJLPyv3M8JSyCR1x39KExtwE+eLkGbm0ypBESttKkCzU3xM5jY2ZxqHtjCmOzao3F//z/AyjRpCLJM2QJ2y5KMokQUXm/5Oh0JyhnFpCmRb2VsLG1KaANqWyDcFbfXmddOo176bmPlxXm40ijhKcwwVcgQe30IR7aEEbGCh4hld4c9B5cd6dj2XrhlPMnMEfOJ8/N5CRLQ==</latexit>

1

2

<latexit sha1_base64="7q3xDJdBl2JCk11IEs9EDEoocA4=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KklR7LHgxWMF+wFpKJvtpl26yYbdiVBCf4YXD4p49dd489+4bXPQ1gcDj/dmmJkXplIYdN1vZ2Nza3tnt7RX3j84PDqunJx2jMo0422mpNK9kBouRcLbKFDyXqo5jUPJu+Hkbu53n7g2QiWPOE15ENNRIiLBKFrJ70eastyb5fXZoFJ1a+4CZJ14BalCgdag8tUfKpbFPEEmqTG+56YY5FSjYJLPyv3M8JSyCR1x39KExtwE+eLkGbm0ypBESttKkCzU3xM5jY2ZxqHtjCmOzao3F//z/AyjRpCLJM2QJ2y5KMokQUXm/5Oh0JyhnFpCmRb2VsLG1KaANqWyDcFbfXmddOo176bmPlxXm40ijhKcwwVcgQe30IR7aEEbGCh4hld4c9B5cd6dj2XrhlPMnMEfOJ8/N5CRLQ==</latexit>

1

2
<latexit sha1_base64="jbv+E0U8ZPg1FnjQwlrqsWRTBno=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEYo8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+HAHZQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6KYd3PhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+2rqleruvfXlUY9j6MIZ3AOl+DBDTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+0BjYc=</latexit>

f0
<latexit sha1_base64="YO/45FUS2BQonurx4HGuqe8Xumo=">AAAB63icbVBNSwMxEJ31s9avqkcvwSJ4sWRFsceCF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ3FuNvb219Y3Nru7RT3t3bPzisHB23TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLl9EADypVXMNzoFXiF6QKBZqDyld/GNNUMmWpIMb0fJzYICPacirYrNxPDUsInZAR6zmqiGQmyOa3ztC5U4YoirUrZdFc/T2REWnMVIauUxI7NsteLv7n9VIb1YOMqyS1TNHFoigVyMYofxwNuWbUiqkjhGrubkV0TDSh1sVTdiH4yy+vkvZVzb+p4YfraqNexFGCUziDC/DhFhpwD01oAYUxPMMrvHnSe/HevY9F65pXzJzAH3ifP1azjb4=</latexit>

�f0

Carrier frequency too high.
<latexit sha1_base64="7q3xDJdBl2JCk11IEs9EDEoocA4=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KklR7LHgxWMF+wFpKJvtpl26yYbdiVBCf4YXD4p49dd489+4bXPQ1gcDj/dmmJkXplIYdN1vZ2Nza3tnt7RX3j84PDqunJx2jMo0422mpNK9kBouRcLbKFDyXqo5jUPJu+Hkbu53n7g2QiWPOE15ENNRIiLBKFrJ70eastyb5fXZoFJ1a+4CZJ14BalCgdag8tUfKpbFPEEmqTG+56YY5FSjYJLPyv3M8JSyCR1x39KExtwE+eLkGbm0ypBESttKkCzU3xM5jY2ZxqHtjCmOzao3F//z/AyjRpCLJM2QJ2y5KMokQUXm/5Oh0JyhnFpCmRb2VsLG1KaANqWyDcFbfXmddOo176bmPlxXm40ijhKcwwVcgQe30IR7aEEbGCh4hld4c9B5cd6dj2XrhlPMnMEfOJ8/N5CRLQ==</latexit>

1

2

<latexit sha1_base64="7q3xDJdBl2JCk11IEs9EDEoocA4=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KklR7LHgxWMF+wFpKJvtpl26yYbdiVBCf4YXD4p49dd489+4bXPQ1gcDj/dmmJkXplIYdN1vZ2Nza3tnt7RX3j84PDqunJx2jMo0422mpNK9kBouRcLbKFDyXqo5jUPJu+Hkbu53n7g2QiWPOE15ENNRIiLBKFrJ70eastyb5fXZoFJ1a+4CZJ14BalCgdag8tUfKpbFPEEmqTG+56YY5FSjYJLPyv3M8JSyCR1x39KExtwE+eLkGbm0ypBESttKkCzU3xM5jY2ZxqHtjCmOzao3F//z/AyjRpCLJM2QJ2y5KMokQUXm/5Oh0JyhnFpCmRb2VsLG1KaANqWyDcFbfXmddOo176bmPlxXm40ijhKcwwVcgQe30IR7aEEbGCh4hld4c9B5cd6dj2XrhlPMnMEfOJ8/N5CRLQ==</latexit>

1

2
<latexit sha1_base64="jbv+E0U8ZPg1FnjQwlrqsWRTBno=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEYo8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+HAHZQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6KYd3PhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+2rqleruvfXlUY9j6MIZ3AOl+DBDTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+0BjYc=</latexit>

f0

<latexit sha1_base64="1t2E7vno7ethBRGCrbPkJt9ka8o=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSSi2GPBi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/nbX1jc2t7dJOeXdv/+CwcnTcMkmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fju5nffuLaiEQ94iTlQUyHSkSCUbSS711Gfbdfqbo1dw6ySryCVKFAs1/56g0SlsVcIZPUmK7nphjkVKNgkk/LvczwlLIxHfKupYrG3AT5/NgpObfKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUb1IBcqzZArtlgUZZJgQmafk4HQnKGcWEKZFvZWwkZUU4Y2n7INwVt+eZW0rmreTc19uK426kUcJTiFM7gAD26hAffQBB8YCHiGV3hzlPPivDsfi9Y1p5g5gT9wPn8AxqWN+Q==</latexit>

1� f0

<latexit sha1_base64="7q3xDJdBl2JCk11IEs9EDEoocA4=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KklR7LHgxWMF+wFpKJvtpl26yYbdiVBCf4YXD4p49dd489+4bXPQ1gcDj/dmmJkXplIYdN1vZ2Nza3tnt7RX3j84PDqunJx2jMo0422mpNK9kBouRcLbKFDyXqo5jUPJu+Hkbu53n7g2QiWPOE15ENNRIiLBKFrJ70eastyb5fXZoFJ1a+4CZJ14BalCgdag8tUfKpbFPEEmqTG+56YY5FSjYJLPyv3M8JSyCR1x39KExtwE+eLkGbm0ypBESttKkCzU3xM5jY2ZxqHtjCmOzao3F//z/AyjRpCLJM2QJ2y5KMokQUXm/5Oh0JyhnFpCmRb2VsLG1KaANqWyDcFbfXmddOo176bmPlxXm40ijhKcwwVcgQe30IR7aEEbGCh4hld4c9B5cd6dj2XrhlPMnMEfOJ8/N5CRLQ==</latexit>

1

2

<latexit sha1_base64="7q3xDJdBl2JCk11IEs9EDEoocA4=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KklR7LHgxWMF+wFpKJvtpl26yYbdiVBCf4YXD4p49dd489+4bXPQ1gcDj/dmmJkXplIYdN1vZ2Nza3tnt7RX3j84PDqunJx2jMo0422mpNK9kBouRcLbKFDyXqo5jUPJu+Hkbu53n7g2QiWPOE15ENNRIiLBKFrJ70eastyb5fXZoFJ1a+4CZJ14BalCgdag8tUfKpbFPEEmqTG+56YY5FSjYJLPyv3M8JSyCR1x39KExtwE+eLkGbm0ypBESttKkCzU3xM5jY2ZxqHtjCmOzao3F//z/AyjRpCLJM2QJ2y5KMokQUXm/5Oh0JyhnFpCmRb2VsLG1KaANqWyDcFbfXmddOo176bmPlxXm40ijhKcwwVcgQe30IR7aEEbGCh4hld4c9B5cd6dj2XrhlPMnMEfOJ8/N5CRLQ==</latexit>

1

2

<latexit sha1_base64="+tFwTYQ0kX3USIgksd7JrUlnuTE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2RmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasKan3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9m6rbvK7Ua3kcRTiDc7gED26hDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBsoWM1Q==</latexit>

W

<latexit sha1_base64="7T6mTgyRMhKBBsu0s5EaKF5WDLI=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcGNJimKXBTcuK9im0IYwmZ60QycXZyZCCVm68VXcuFDErY/gzrdx2mahrT8MfPznHM6c3084k8qyvo3Syura+kZ5s7K1vbO7Z+4fdGScCgptGvNYdH0igbMI2oopDt1EAAl9Do4/vp7WnQcQksXRnZok4IZkGLGAUaK05ZnHDu5zuMeBZ82hHwhCMzvP6jk+x45nVq2aNRNeBruAKirU8syv/iCmaQiRopxI2bOtRLkZEYpRDnmln0pICB2TIfQ0RiQE6WazQ3J8qp0BDmKhX6TwzP09kZFQykno686QqJFcrE3N/2q9VAUNN2NRkiqI6HxRkHKsYjxNBQ+YAKr4RAOhgum/YjoiOgmls6voEOzFk5ehU6/ZlzXr9qLabBRxlNEROkFnyEZXqIluUAu1EUWP6Bm9ojfjyXgx3o2PeWvJKGYO0R8Znz/jYZfy</latexit>

W  f0  1

2
�W

To avoid overlap:



DTFT Properties: More Examples

<latexit sha1_base64="7q3xDJdBl2JCk11IEs9EDEoocA4=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KklR7LHgxWMF+wFpKJvtpl26yYbdiVBCf4YXD4p49dd489+4bXPQ1gcDj/dmmJkXplIYdN1vZ2Nza3tnt7RX3j84PDqunJx2jMo0422mpNK9kBouRcLbKFDyXqo5jUPJu+Hkbu53n7g2QiWPOE15ENNRIiLBKFrJ70eastyb5fXZoFJ1a+4CZJ14BalCgdag8tUfKpbFPEEmqTG+56YY5FSjYJLPyv3M8JSyCR1x39KExtwE+eLkGbm0ypBESttKkCzU3xM5jY2ZxqHtjCmOzao3F//z/AyjRpCLJM2QJ2y5KMokQUXm/5Oh0JyhnFpCmRb2VsLG1KaANqWyDcFbfXmddOo176bmPlxXm40ijhKcwwVcgQe30IR7aEEbGCh4hld4c9B5cd6dj2XrhlPMnMEfOJ8/N5CRLQ==</latexit>

1

2

Convolution and Multiplication Properties 
http://classes.ece.usu.edu/3640/resources/DTFT/dtft_properties.html 

Shelving Filters for Audio Processing 
http://classes.ece.usu.edu/3640/resources/example_shelving_filter.html 

Adjustable Bandpass Filter 
http://classes.ece.usu.edu/3640/resources/adjustable_bpf/bpftest_diagram.pdf 
http://classes.ece.usu.edu/3640/resources/adjustable_bpf/bpftest.pdf 
http://classes.ece.usu.edu/3640/resources/adjustable_bpf/rainbowroad.mp3 
http://classes.ece.usu.edu/3640/resources/adjustable_bpf/rainbowroad_bpf.mp3 

http://classes.ece.usu.edu/3640/resources/DTFT/dtft_properties.html
http://classes.ece.usu.edu/3640/resources/example_shelving_filter.html
http://classes.ece.usu.edu/3640/resources/adjustable_bpf/bpftest_diagram.pdf
http://classes.ece.usu.edu/3640/resources/adjustable_bpf/bpftest.pdf
http://classes.ece.usu.edu/3640/resources/adjustable_bpf/rainbowroad.mp3
http://classes.ece.usu.edu/3640/resources/adjustable_bpf/rainbowroad_bpf.mp3


DTFT Properties: Tools

<latexit sha1_base64="7q3xDJdBl2JCk11IEs9EDEoocA4=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KklR7LHgxWMF+wFpKJvtpl26yYbdiVBCf4YXD4p49dd489+4bXPQ1gcDj/dmmJkXplIYdN1vZ2Nza3tnt7RX3j84PDqunJx2jMo0422mpNK9kBouRcLbKFDyXqo5jUPJu+Hkbu53n7g2QiWPOE15ENNRIiLBKFrJ70eastyb5fXZoFJ1a+4CZJ14BalCgdag8tUfKpbFPEEmqTG+56YY5FSjYJLPyv3M8JSyCR1x39KExtwE+eLkGbm0ypBESttKkCzU3xM5jY2ZxqHtjCmOzao3F//z/AyjRpCLJM2QJ2y5KMokQUXm/5Oh0JyhnFpCmRb2VsLG1KaANqWyDcFbfXmddOo176bmPlxXm40ijhKcwwVcgQe30IR7aEEbGCh4hld4c9B5cd6dj2XrhlPMnMEfOJ8/N5CRLQ==</latexit>

1

2

<latexit sha1_base64="iaPhRgoJnFVLGoM2VaZ7lZgIsg0="></latexit>

Multiply by ej2⇡f0n,
cos(2⇡f0n), sin(2⇡f0n),
or periodic signal.

Time Domain Frequency Domain

Shift or replicate

Convolution with impulse 
response or filter using 

difference equation

Scale or slice or reshape 
(multiplication)

Multiplication by 
window or truncate

Smear/leakage 
(convolution)

Spectral Operators/Tools

Later we will learn about other operations that 
stretch and compress in the frequency domain.

Do this 
operation in 

the time 
domain …

… to get this 
effect in the 
frequency 
domain.


