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Jake Gunther, Utah State University



Definition of Convolution

yn] = x[n] «hln] = > axlklhln—k],  —oco<n<oo
k=—00

(convolution for infinite length sequences)

(finite length sequence)

N -1

(finite length sequence)




Definition of Convolution

yn] = x[n] «hln] = > axlklhln—k],  —oco<n<oo

N —1
h|—k] (flipped = time reversed)




Definition of Convolution

yn] = x[n] «hln] = > axlklhln—k],  —oco<n<oo

N —1
(flipped and shifted)

(no overlap)




Definition of Convolution

yln] = z[n] «hin] = Y  alklhln—k],  —oo<n < oo
k=—00
ol .
N —1
4 hin — k| (flipped and shifted)
>k
n—L+1 0 7n (partial overlap = startup transient)

n—L+1<0<n = 0<n<L-1
0<n<L-2<L-1
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k=0

Number of samples in startup transient = L-1

(L-2)—(0)+1=L-1



Definition of Convolution

yln] = z[n] «hin] = Y  alklhln—k],  —oo<n < oo

>k
0 N —1
(flipped and shifted) ‘ hin — k]
| >k
full overlap = valid outputs) On — L + 1 n |
( ) VL

0<n—-—L+1 and n<N-1 = L-1<n<N-1

yln] = > wlklhn—k], L-1<n<N-1
k=n—L-+1

Number of valid output samples = N - L + 1
(N—l)—(L—1)+1:N—L+1



Definition of Convolution

(flipped and shifted) 4 hln — k]
| >k
(partial overlap = ending transient) 0 n—L+1 n

N —1

n—L+1<N-1<n = N-1<n<N+L-2

N—-—1<N<n<N+L-2
N—-1

yln]= Y wlklAn—k], N—-1<n<N+L-2
k=n—L+1

Number of samples in ending transient = L-1

(N+L-2)—(N)+1=1L—1



Definition of Convolution

(flipped and shifted)

| 0 |n—L—|—1 n
(no overlap) [N
n—L+1>N—-1 = n>N+4+L-2

yn] =0, n>N+L-2



Definition of Convolution

yln] = z[n| x hin| = Z x|k]h|n — K, —00 <N < 00

(convolution for infinite length sequences)

min(N—1,n)
y[n] = > z[klhfn —k], 0<n<N+L—2
k=max(0,n—L+1)

(convolution for finite length sequences)
Total length = N+L-1



Definition of Convolution

yln] = z[n| x hin| = Z x|k]h|n — K, —00 <N < 00

(convolution for infinite length sequences)

min(N—1,n)
y[n] = > z[klhfn —k], 0<n<N+L—2
k=max(0,n—L+1)

(convolution for finite length sequences)
Total length = N+L-1

How do we program this on a computer?



Mechanics of Convolution

min(N—1,n)
y[n] = > z[klh[n — k], 0<n<N-+L—2
k=max(0,n—L+1)

Yo Y1 Y2 Ys Ys Ys Ys¢ Y7 | Ys Yo Y10 Y11

«—~ L-1 — «—~ N — «—~ L-1 —



Mechanics of Convolution

min(N —1,n)
y[n] = > z[klh[n — k], 0<n<N-+L—2
k=max(0,n—L+1)
Yo Y1 Y2 Y3 Ya Ys Ye Y7 | Y8 Y9 Yio Y11
o L1 X2 X3 X4 X5 Te X7
hy hs ha hy | hg
ha hz ha | hi ho (all shifts h[n-k| are shown)
ha hz | ha h1 ho
ha | ha ha hi ho
has hs ha hi ho
hs hs ha hi ho
hae hz ha hi ho
) . hs hs ha hi hg
L=5 hy hs ha hy | ho
N = hy hs ha | h1 hy
N+L—-—1=12 h4 h3 h2 hl ho
) ’ ha | ha ha h1  ho
«—~ L-1 — — — «—~ L-1 —




Mechanics of Convolution

min(N—1,n)
y[n] = > z[klh[n — k], 0<n<N-+L—2
k=max(0,n—L+1)
Yo Y1 Y2 Y3 Ya Ys Ye Y7 | Y8 Y9 Yio Y11
To T1 To X3 T4 T Te mQ
[ h4 h3 hz h]' hO ime reversed order n-
he hs hs | h1 ho ‘ d order, hin-k] "~ natural order, x[k]
ha hs | ha hi ho
ha | ha ha hi ho
hs hs hy hi ho
hs hs ha hi ho
hae hz ha hi ho
) . hs hs ha hi hg
L=5 hy hs ha hy | ho
N = hy hs ha | h1 hy
N+L—-—1=12 hy h3 ho hq ho
) ’ ha | ha ha h1  ho
«—~ L-1 — — — «—~ L-1 —




Mechanics of Convolution

min(N—1,n)

y[n] = > z[k)hn — k],

k=max(0,n—L+1)
(startup transient)

(valid outputs)

O0<n<N+L-—2

(ending transient)

Yo Y1 Y2 y3y4 Ys  Ys Y7 )IlYs Y9 Yo Y11
o L1 X2 X3 X4 X5 Te X7
hy hzs hy hy | ho
hs hs ha | b1 ho
L—1 ha hs | ha hi ho
(partialoverlap)  hy | hg hy M ho
hs hs ho hi1 ho
hs hs ho hi1 ho
N-—-L+1 h4 h3 hz hl ho
......................................................................................................................... (fulloverlap)  hg h3 ha M1 ho|
i I, — ) hy hz ha hy | hg (partial overlap)
N — he hs ha | b1 hy L—1
N+L—1=12 e Balha P o
\ ) hs | hs he hy hg
«—~ L-1 — «—~ N — «—~ L-1 —




Mechanics of Convolution

min(N—1,n)

y[n] = > z[klh[n — k], 0<n<N-+L—2

k=max(0,n—L+1)

L—=5)
N =8
NiL—1=12

Yo Y1 Y2 Yz Ya Ye¢ Y7 | Y8 Y9 Yio Y11
iy (331 o I3 T4 X5)| T X7

hO y ¥ y Y y ¥ y ¥ y Y

h1  Hp

ha Hhi1 Hho

hs ho Hh1 Ry

hy hs ha | h1 hy
hy hz | hg hi hg
ha | ha ha h1  ho

«—~ L-1 —

Mechanics: (1) f

«—~ N — <~ L-1 —

ip h[-k], (2) shift h[n-k], (3) multiply x[k]h[n-K], (4) add




Mechanics of Convolution

min(N—1,n)

y[n] = > z[klh[n — k], 0<n<N-+L—2

k=max(0,n—L+1)

Yo Y1 Y2 Ys Ys Ys Ye Y7 | Ys Yo Y10 Y11

0 0 O OMxop 1 X9 3 x4 x5 xg x7 [0 O 0 0
hy hs ha hyi | ho Zero padding the input x|n]
h4 h3 hz hl h() makes coding convolution
ha h3 ho hq hO much easier.
hy | h3 ha hi ho
hse hs ha hy hg
hy hs hz hi ho
hy hs he hi1 ho

, \ ha hs ha hi ho

L=5 hy hz hy hy| ho

N =38 h4 h3 h2 h1 h()

N+L-1=12

hy hz | hg hi hg
ha | ha ha h1  ho

«—~ L-1 —

Mechanics: (1) f

«—~ N — <~ L-1 —

ip h[-k], (2) shift h[n-k], (3) multiply x[k]h[n-K], (4) add




Implementation of Convolution

Goto Matlab



